
In many applications of mechanics, the sum of the forces acting on a body is zero, and a state of equilibrium exists. This
apparatus is designed to hold a car body in equilibrium for a wide range of orientations during vehicle production.
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3 EQUILIBRIUM

3/1 IN T R O D U C T I O N

Statics deals primarily with the description of the force conditions
necessary and sufficient to maintain the equilibrium of engineering
structures. This chapter on equilibrium, therefore, constitutes the
most important part of statics, and the procedures developed here form
the basis for solving problems in both statics and dynamics. We will
make continual use of the concepts developed in Chapter 2 involving
forces, moments, couples, and resultants as we apply the principles of
equilibrium.

When a body is in equilibrium, the resultant of all forces acting on
it is zero. Thus, the resultant force R and the resultant couple M are
both zero, and we have the equilibrium equations

(3/1)

These requirements are both necessary and sufficient conditions for
equilibrium.

All physical bodies are three-dimensional, but we can treat many of
them as two-dimensional when the forces to which they are subjected
act in a single plane or can be projected onto a single plane. When this
simplification is not possible, the problem must be treated as three-
dimensional. We will follow the arrangement used in Chapter 2, and dis-
cuss in Section A the equilibrium of bodies subjected to two-dimensional

R � ΣF � 0   M � ΣM � 0
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3/2 SY S T E M IS O L A T I O N A N D T H E FR E E-BO D Y DI A G R A M

Before we apply Eqs. 3/1, we must define unambiguously the partic-
ular body or mechanical system to be analyzed and represent clearly
and completely all forces acting on the body. Omission of a force which
acts on the body in question, or inclusion of a force which does not act
on the body, will give erroneous results.

A mechanical system is defined as a body or group of bodies which
can be conceptually isolated from all other bodies. A system may be a
single body or a combination of connected bodies. The bodies may be
rigid or nonrigid. The system may also be an identifiable fluid mass, ei-
ther liquid or gas, or a combination of fluids and solids. In statics we
study primarily forces which act on rigid bodies at rest, although we also
study forces acting on fluids in equilibrium.

Once we decide which body or combination of bodies to analyze, we
then treat this body or combination as a single body isolated from all
surrounding bodies. This isolation is accomplished by means of the
free-body diagram, which is a diagrammatic representation of the
isolated system treated as a single body. The diagram shows all forces
applied to the system by mechanical contact with other bodies, which
are imagined to be removed. If appreciable body forces are present,
such as gravitational or magnetic attraction, then these forces must
also be shown on the free-body diagram of the isolated system. Only
after such a diagram has been carefully drawn should the equilibrium
equations be written. Because of its critical importance, we emphasize
here that

Before attempting to draw a free-body diagram, we must recall the
basic characteristics of force. These characteristics were described in
Art. 2/2, with primary attention focused on the vector properties of
force. Forces can be applied either by direct physical contact or by re-
mote action. Forces can be either internal or external to the system
under consideration. Application of force is accompanied  by reactive
force, and both applied and reactive forces may be either concentrated
or distributed. The principle of transmissibility permits the treatment
of force as a sliding vector as far as its external effects on a rigid body
are concerned.

We will now use these force characteristics to develop conceptual
models of isolated mechanical systems. These models enable us to

the free-body diagram is the most important single step
in the solution of problems in mechanics.

110 Chapter  3 Equi l ibr ium

SECTION A EQUILIBRIUM IN TWO DIMENSIONS

force systems and in Section B the equilibrium of bodies subjected to
three-dimensional force systems.
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write the appropriate equations of equilibrium, which can then be
analyzed.

Modeling the Action of Forces

Figure 3/1 shows the common types of force application on mechani-
cal systems for analysis in two dimensions. Each example shows the
force exerted on the body to be isolated, by the body to be removed. New-
ton’s third law, which notes the existence of an equal and opposite reac-
tion to every action, must be carefully observed. The force exerted on
the body in question by a contacting or supporting member is always in
the sense to oppose the movement of the isolated body which would
occur if the contacting or supporting body were removed.
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θ

θ

MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS
Type of Contact and Force Origin

1. Flexible cable, belt,
chain, or rope

2. Smooth surfaces

3. Rough surfaces

4. Roller support

5. Freely sliding guide

Action on Body to Be Isolated

Force exerted by 
a flexible cable is 
always a tension away 
from the body in the 
direction of the cable.

Contact force is 
compressive and is 
normal to the surface.

Rough surfaces are 
capable of supporting 
a tangential 
compo-nent F 
(frictional force) as 
well as a normal 
component 
N of the resultant 

Roller, rocker, or ball 
support transmits a 
compressive force 
normal to the 
supporting surface.

Collar or slider free to 
move along smooth 
guides; can support 
force normal to guide 
only.

θ

θ

Weight of cable
negligible

Weight of cable
not negligible

T

T

N

N

N

N

F

R

N N

Figure 3/1
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In Fig. 3/1, Example 1 depicts the action of a flexible cable, belt, rope,
or chain on the body to which it is attached. Because of its flexibility, a
rope or cable is unable to offer any resistance to bending, shear, or com-
pression and therefore exerts only a tension force in a direction tangent to
the cable at its point of attachment. The force exerted by the cable on the
body to which it is attached is always away from the body. When the ten-
sion T is large compared with the weight of the cable, we may assume that
the cable forms a straight line. When the cable weight is not negligible
compared with its tension, the sag of the cable becomes important, and
the tension in the cable changes direction and magnitude along its length.

When the smooth surfaces of two bodies are in contact, as in Exam-
ple 2, the force exerted by one on the other is normal to the tangent to
the surfaces and is compressive. Although no actual surfaces are per-
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MODELING THE ACTION OF FORCES IN TWO-DIMENSIONAL ANALYSIS (cont.)
Type of Contact and Force Origin

6. Pin connection

7. Built-in or fixed support

8. Gravitational attraction

9. Spring action

Action on Body to Be Isolated

A freely hinged pin 
connection is capable 
of supporting a force 
in any direction in the 
plane normal to the 
pin axis. We may 
either show two 
components Rx and
Ry or a magnitude R 
and direction   . A pin 
not free to turn also 
supports a couple M.

A built-in or fixed 
support is capable of 
supporting an axial 
force F, a transverse 
force V (shear force), 
and a couple M 
(bending moment) to 
prevent rotation.

The resultant of 
gravitational 
attraction on all 
elements of a body of 
mass m is the weight 
W = mg and acts 
toward the center of 
the earth through the 
center mass G.

Spring force is tensile 
if spring is stretched 
and compressive if 
compressed. For a 
linearly elastic spring 
the stiffness k is the 
force required to 
deform the spring a 
unit distance.

Pin free to turn

Pin not free to turn

Ry

Rx

Ry

Rx

R

Weld

A

M

F

V

or
AA

W = mg

F

Gm

F
x

F = kx
Hardening

NonlinearLinear
Neutral
position

Softening

F

x

F

x

θ

θ

M

Figure 3/1, continued
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fectly smooth, we can assume this to be so for practical purposes in
many instances.

When mating surfaces of contacting bodies are rough, as in Exam-
ple 3, the force of contact is not necessarily normal to the tangent to the
surfaces, but may be resolved into a tangential or frictional component F
and a normal component N.

Example 4 illustrates a number of forms of mechanical support
which effectively eliminate tangential friction forces. In these cases the
net reaction is normal to the supporting surface.

Example 5 shows the action of a smooth guide on the body it sup-
ports. There cannot be any resistance parallel to the guide.

Example 6 illustrates the action of a pin connection. Such a connec-
tion can support force in any direction normal to the axis of the pin. We
usually represent this action in terms of two rectangular components.
The correct sense of these components in a specific problem depends on
how the member is loaded. When not otherwise initially known, the
sense is arbitrarily assigned and the equilibrium equations are then
written. If the solution of these equations yields a positive algebraic sign
for the force component, the assigned sense is correct. A negative sign
indicates the sense is opposite to that initially assigned.

If the joint is free to turn about the pin, the connection can support
only the force R. If the joint is not free to turn, the connection can also
support a resisting couple M. The sense of M is arbitrarily shown here,
but the true sense depends on how the member is loaded.

Example 7 shows the resultants of the rather complex distribution
of force over the cross section of a slender bar or beam at a build-in or
fixed support. The sense of the reactions F and V and the bending cou-
ple M in a given problem depends, of course, on how the member is
loaded.

One of the most common forces is that due to gravitational attrac-
tion, Example 8. This force affects all elements of mass in a body and is,
therefore, distributed throughout it. The resultant of the gravitational
forces on all elements is the weight W � mg of the body, which passes
through the center of mass G and is directed toward the center of the
earth for earthbound structures. The location of G is frequently obvious
from the geometry of the body, particularly where there is symmetry.
When the location is not readily apparent, it must be determined by ex-
periment or calculations.

Similar remarks apply to the remote action of magnetic and electric
forces. These forces of remote action have the same overall effect on a
rigid body as forces of equal magnitude and direction applied by direct
external contact.

Example 9 illustrates the action of a linear elastic spring and of a
nonlinear spring with either hardening or softening characteristics. The
force exerted by a linear spring, in tension or compression, is given by 
F � kx, where k is the stiffness of the spring and x is its deformation
measured from the neutral or undeformed position.

The representations in Fig. 3/1 are not free-body diagrams, but are
merely elements used to construct free-body diagrams. Study these nine
conditions and identify them in the problem work so that you can draw
the correct free-body diagrams.
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Another view of the car-body lifting
device shown in the chapter-opening
photograph.
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114 Chapter  3 Equi l ibr ium

Construction of Free-Body Diagrams

The full procedure for drawing a free-body diagram which isolates a
body or system consists of the following steps.

Step 1. Decide which system to isolate. The system chosen should
usually involve one or more of the desired unknown quantities.

Step 2. Next isolate the chosen system by drawing a diagram which
represents its complete external boundary. This boundary defines the
isolation of the system from all other attracting or contacting bodies,
which are considered removed. This step is often the most crucial of all.
Make certain that you have completely isolated the system before pro-
ceeding with the next step.

Step 3. Identify all forces which act on the isolated system as ap-
plied by the removed contacting and attracting bodies, and represent
them in their proper positions on the diagram of the isolated system.
Make a systematic traverse of the entire boundary to identify all contact
forces. Include body forces such as weights, where appreciable. Repre-
sent all known forces by vector arrows, each with its proper magnitude,
direction, and sense indicated. Each unknown force should be repre-
sented by a vector arrow with the unknown magnitude or direction indi-
cated by symbol. If the sense of the vector is also unknown, you must
arbitrarily assign a sense. The subsequent calculations with the equilib-
rium equations will yield a positive quantity if the correct sense was as-
sumed and a negative quantity if the incorrect sense was assumed. It is
necessary to be consistent with the assigned characteristics of unknown
forces throughout all of the calculations. If you are consistent, the solu-
tion of the equilibrium equations will reveal the correct senses.

Step 4. Show the choice of coordinate axes directly on the diagram.
Pertinent dimensions may also be represented for convenience. Note,
however, that the free-body diagram serves the purpose of focusing at-
tention on the action of the external forces, and therefore the diagram
should not be cluttered with excessive extraneous information. Clearly
distinguish force arrows from arrows representing quantities other than
forces. For this purpose a colored pencil may be used.

Completion of the foregoing four steps will produce a correct free-
body diagram to use in applying the governing equations, both in statics
and in dynamics. Be careful not to omit from the free-body diagram cer-
tain forces which may not appear at first glance to be needed in the cal-
culations. It is only through complete isolation and a systematic
representation of all external forces that a reliable accounting of the ef-
fects of all applied and reactive forces can be made. Very often a force
which at first glance may not appear to influence a desired result does
indeed have an influence. Thus, the only safe procedure is to include on
the free-body diagram all forces whose magnitudes are not obviously
negligible.
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The free-body method is extremely important in mechanics because
it ensures an accurate definition of a mechanical system and focuses at-
tention on the exact meaning and application of the force laws of statics
and dynamics. Review the foregoing four steps for constructing a free-
body diagram while studying the sample free-body diagrams shown in
Fig. 3/2 and the Sample Problems which appear at the end of the next
article.

Examples of Free-Body Diagrams

Figure 3/2 gives four examples of mechanisms and structures to-
gether with their correct free-body diagrams. Dimensions and magni-
tudes are omitted for clarity. In each case we treat the entire system as
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Figure 3/2

A B

P

Ax

F3 F2 F1

Ay By

Bx
By

P

y

x

y

x

y

x

y

x

A Mass m

F3 F2 F1

F

M

M

B

A
P P

N

V2. Cantilever beam

3. Beam

4. Rigid system of interconnected bodies
    analyzed as a single unit

1. Plane truss

Weight of truss
assumed negligible
compared with P

Mechanical System Free-Body Diagram of Isolated Body

SAMPLE FREE-BODY DIAGRAMS

W = mg

W = mg

W = mg

Smooth surface
contact at A.
Mass m

P

A B

m

M

Bx

By

Weight of mechanism
neglected

P

Ay
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a single body, so that the internal forces are not shown. The characteris-
tics of the various types of contact forces illustrated in Fig. 3/1 are used
in the four examples as they apply.

In Example 1 the truss is composed of structural elements which,
taken all together, constitute a rigid framework. Thus, we may remove
the entire truss from its supporting foundation and treat it as a single
rigid body. In addition to the applied external load P, the free-body dia-
gram must include the reactions on the truss at A and B. The rocker at
B can support a vertical force only, and this force is transmitted to the
structure at B (Example 4 of Fig. 3/1). The pin connection at A (Exam-
ple 6 of Fig. 3/1) is capable of supplying both a horizontal and a vertical
force component to the truss. If the total weight of the truss members is
appreciable compared with P and the forces at A and B, then the
weights of the members must be included on the free-body diagram as
external forces.

In this relatively simple example it is clear that the vertical compo-
nent Ay must be directed down to prevent the truss from rotating clock-
wise about B. Also, the horizontal component Ax will be to the left to
keep the truss from moving to the right under the influence of the hori-
zontal component of P. Thus, in constructing the free-body diagram for
this simple truss, we can easily perceive the correct sense of each of the
components of force exerted on the truss by the foundation at A and can,
therefore, represent its correct physical sense on the diagram. When the
correct physical sense of a force or its component is not easily recog-
nized by direct observation, it must be assigned arbitrarily, and the cor-
rectness of or error in the assignment is determined by the algebraic
sign of its calculated value.

In Example 2 the cantilever beam is secured to the wall and sub-
jected to three applied loads. When we isolate that part of the beam to
the right of the section at A, we must include the reactive forces applied
to the beam by the wall. The resultants of these reactive forces are
shown acting on the section of the beam (Example 7 of Fig. 3/1). A verti-
cal force V to counteract the excess of downward applied force is shown,
and a tension F to balance the excess of applied force to the right must
also be included. Then, to prevent the beam from rotating about A, a
counterclockwise couple M is also required. The weight mg of the beam
must be represented through the mass center (Example 8 of Fig. 3/1).

In the free-body diagram of Example 2, we have represented the
somewhat complex system of forces which actually act on the cut section
of the beam by the equivalent force–couple system in which the force is
broken down into its vertical component V (shear force) and its horizon-
tal component F (tensile force). The couple M is the bending moment in
the beam. The free-body diagram is now complete and shows the beam
in equilibrium under the action of six forces and one couple.

In Example 3 the weight W � mg is shown acting through the cen-
ter of mass of the beam, whose location is assumed known (Example 8 of
Fig. 3/1). The force exerted by the corner A on the beam is normal to the
smooth surface of the beam (Example 2 of Fig. 3/1). To perceive this ac-
tion more clearly, visualize an enlargement of the contact point A,
which would appear somewhat rounded, and consider the force exerted
by this rounded corner on the straight surface of the beam, which is as-
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sumed to be smooth. If the contacting surfaces at the corner were not
smooth, a tangential frictional component of force could exist. In addi-
tion to the applied force P and couple M, there is the pin connection at
B, which exerts both an x- and a y-component of force on the beam. The
positive senses of these components are assigned arbitrarily.

In Example 4 the free-body diagram of the entire isolated mecha-
nism contains three unknown forces if the loads mg and P are known.
Any one of many internal configurations for securing the cable leading
from the mass m would be possible without affecting the external re-
sponse of the mechanism as a whole, and this fact is brought out by the
free-body diagram. This hypothetical example is used to show that the
forces internal to a rigid assembly of members do not influence the val-
ues of the external reactions.

We use the free-body diagram in writing the equilibrium equations,
which are discussed in the next article. When these equations are
solved, some of the calculated force magnitudes may be zero. This would
indicate that the assumed force does not exist. In Example 1 of Fig. 3/2,
any of the reactions Ax, Ay, or By can be zero for specific values of the
truss geometry and of the magnitude, direction, and sense of the applied
load P. A zero reaction force is often difficult to identify by inspection,
but can be determined by solving the equilibrium equations.

Similar comments apply to calculated force magnitudes which are
negative. Such a result indicates that the actual sense is the opposite of
the assumed sense. The assumed positive senses of Bx and By in Exam-
ple 3 and By in Example 4 are shown on the free-body diagrams. The
correctness of these assumptions is proved or disproved according to
whether the algebraic signs of the computed forces are plus or minus
when the calculations are carried out in an actual problem.

The isolation of the mechanical system under consideration is a cru-
cial step in the formulation of the mathematical model. The most impor-
tant aspect to the correct construction of the all-important free-body
diagram is the clear-cut and unambiguous decision as to what is in-
cluded and what is excluded. This decision becomes unambiguous only
when the boundary of the free-body diagram represents a complete tra-
verse of the body or system of bodies to be isolated, starting at some ar-
bitrary point on the boundary and returning to that same point. The
system within this closed boundary is the isolated free body, and all con-
tact forces and all body forces transmitted to the system across the
boundary must be accounted for.

The following exercises provide practice with drawing free-body dia-
grams. This practice is helpful before using such diagrams in the appli-
cation of the principles of force equilibrium in the next article.
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Even complex pulley systems such
as the ones seen here are easily
handled with a systematic equilib-
rium analysis.
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necessary in each case to form a complete free-body
diagram. The weights of the bodies are negligible un-
less otherwise indicated. Dimensions and numerical
values are omitted for simplicity.
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FREE-BODY DIAGRAM EXERCISES

3/A In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and an in-
complete free-body diagram (FBD) of the isolated
body is shown on the right. Add whatever forces are

Figure 3/A

1. Bell crank
    supporting mass
    m with pin support
    at A.

2. Control lever
    applying torque
    to shaft at O.

3. Boom OA, of
    negligible mass
    compared with
    mass m. Boom
    hinged at O and
    supported by
    hoisting cable at B.

4. Uniform crate of
    mass m leaning
    against smooth
    vertical wall and
    supported on a 
    rough horizontal
    surface.

5. Loaded bracket
    supported by pin
    connection at A and
    fixed pin in smooth
    slot at B.

Body Incomplete FBD

m

A

O

A

B

A

O
O

A

B

T

A

mg
T

Flexible
cable

Pull P P

FO

m mg

mg

B

B

A
Load L

B

A
L
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3/B In each of the five following examples, the body to be
isolated is shown in the left-hand diagram, and either
a wrong or an incomplete free-body diagram (FBD) is
shown on the right. Make whatever changes or addi-

Free-Body Diagram Exerc ises 119

tions are necessary in each case to form a correct and
complete free-body diagram. The weights of the bod-
ies are negligible unless otherwise indicated. Dimen-
sions and numerical values are omitted for simplicity.

Figure 3/B

mg

mg

1. 

Wrong or Incomplete FBDBody

P

P

N

N

PLawn roller of 
mass m being
pushed up 
incline    . 

5. Bent rod welded to
support at A and 
subjected to two 
forces and couple.

4. Supporting angle
bracket for frame;
pin joints.

3. Uniform pole of 
mass m being
hoisted into posi-
tion by winch.  
Horizontal sup-
porting surface
notched to prevent
slipping of pole.

2. Prybar lifting 
body A having 
smooth horizontal 
surface.  Bar rests 
on horizontal 
rough surface.

θ θ

P

T

R

R

A

Notch

y

x

M

F

M

F

P

Ay

F

A

A

B

P

A

B
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All forces, known and unknown, should be labeled.
(Note: The sense of some reaction components cannot
always be determined without numerical calculation.)
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3/C Draw a complete and correct free-body diagram of each
of the bodies designated in the statements. The weights
of the bodies are significant only if the mass is stated.

Figure 3/C

m

L

A

A B

A

A

B

C

A

B

B

3. Loaded truss supported by pin joint at 
A and by cable at B.

2. Wheel of mass m on verge of being
rolled over curb by pull P.

4. Uniform bar of mass m and roller of
mass m0 taken together.  Subjected to 
couple M and supported as shown.
Roller is free to turn.

7. Uniform heavy plate of mass m
supported in vertical plane by cable
C and hinge A.

6. Bar, initially horizontal but deflected 
under load L.  Pinned to rigid support 
at each end.

8. Entire frame, pulleys, and contacting
cable to be isolated as a single unit.

1. Uniform horizontal bar of mass m 
suspended by vertical cable at A and
supported by rough inclined surface 
at B.

5. Uniform grooved wheel of mass m
supported by a rough surface and by 
action of horizontal cable.

m0
M

A

m

P

m

L

m

L
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3/3 EQ U I L I B R I U M CO N D I T I O N S

In Art. 3/1 we defined equilibrium as the condition in which the re-
sultant of all forces and moments acting on a body is zero. Stated in an-
other way, a body is in equilibrium if all forces and moments applied to
it are in balance. These requirements are contained in the vector equa-
tions of equilibrium, Eqs. 3/1, which in two dimensions may be written
in scalar form as

(3/2)

The third equation represents the zero sum of the moments of all forces
about any point O on or off the body. Equations 3/2 are the necessary
and sufficient conditions for complete equilibrium in two dimensions.
They are necessary conditions because, if they are not satisfied, there can
be no force or moment balance. They are sufficient because once they are
satisfied, there can be no imbalance, and equilibrium is assured.

The equations relating force and acceleration for rigid-body motion
are developed in Vol. 2 Dynamics from Newton’s second law of motion.
These equations show that the acceleration of the mass center of a body
is proportional to the resultant force ΣF acting on the body. Conse-
quently, if a body moves with constant velocity (zero acceleration), the
resultant force on it must be zero, and the body may be treated as in a
state of translational equilibrium.

For complete equilibrium in two dimensions, all three of Eqs. 3/2
must hold. However, these conditions are independent requirements,
and one may hold without another. Take, for example, a body which
slides along a horizontal surface with increasing velocity under the ac-
tion of applied forces. The force–equilibrium equations will be satisfied in
the vertical direction where the acceleration is zero, but not in the hori-
zontal direction. Also, a body, such as a flywheel, which rotates about its
fixed mass center with increasing angular speed is not in rotational equi-
librium, but the two force–equilibrium equations will be satisfied.

Categories of Equilibrium

Applications of Eqs. 3/2 fall naturally into a number of categories
which are easily identified. The categories of force systems acting on
bodies in two-dimensional equilibrium are summarized in Fig. 3/3 and
are explained further as follows.

Category 1, equilibrium of collinear forces, clearly requires only
the one force equation in the direction of the forces (x-direction), since
all other equations are automatically satisfied.

Category 2, equilibrium of forces which lie in a plane (x-y plane)
and are concurrent at a point O, requires the two force equations only,
since the moment sum about O, that is, about a z-axis through O, is nec-
essarily zero. Included in this category is the case of the equilibrium of a
particle.

Category 3, equilibrium of parallel forces in a plane, requires the
one force equation in the direction of the forces (x-direction) and one mo-
ment equation about an axis (z-axis) normal to the plane of the forces.

ΣFx � 0   ΣFy � 0   ΣMO � 0
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Category 4, equilibrium of a general system of forces in a plane
(x-y), requires the two force equations in the plane and one moment
equation about an axis (z-axis) normal to the plane.

Two- and Three-Force Members

You should be alert to two frequently occurring equilibrium situa-
tions. The first situation is the equilibrium of a body under the action
of two forces only. Two examples are shown in Fig. 3/4, and we see
that for such a two-force member to be in equilibrium, the forces must
be equal, opposite, and collinear. The shape of the member does not af-
fect this simple requirement. In the illustrations cited, we consider the
weights of the members to be negligible compared with the applied
forces.

The second situation is a three-force member, which is a body under
the action of three forces, Fig. 3/5a. We see that equilibrium requires
the lines of action of the three forces to be concurrent. If they were not
concurrent, then one of the forces would exert a resultant moment
about the point of intersection of the other two, which would violate the
requirement of zero moment about every point. The only exception oc-
curs when the three forces are parallel. In this case we may consider the
point of concurrency to be at infinity.
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The principle of the concurrency of three forces in equilibrium is of
considerable use in carrying out a graphical solution of the force equa-
tions. In this case the polygon of forces is drawn and made to close, as
shown in Fig. 3/5b. Frequently, a body in equilibrium under the action
of more than three forces may be reduced to a three-force member by a
combination of two or more of the known forces.

Alternative Equilibrium Equations

In addition to Eqs. 3/2, there are two other ways to express the gen-
eral conditions for the equilibrium of forces in two dimensions. The first
way is illustrated in Fig. 3/6, parts (a) and (b). For the body shown in
Fig. 3/6a, if ΣMA � 0, then the resultant, if it still exists, cannot be a
couple, but must be a force R passing through A. If now the equation
ΣFx � 0 holds, where the x-direction is arbitrary, it follows from Fig.
3/6b that the resultant force R, if it still exists, not only must pass
through A, but also must be perpendicular to the x-direction as shown.
Now, if ΣMB � 0, where B is any point such that the line AB is not per-
pendicular to the x-direction, we see that R must be zero, and thus the
body is in equilibrium. Therefore, an alternative set of equilibrium
equations is

where the two points A and B must not lie on a line perpendicular to the
x-direction.

A third formulation of the equilibrium conditions may be made for
a coplanar force system. This is illustrated in Fig. 3/6, parts (c) and
(d). Again, if ΣMA � 0 for any body such as that shown in Fig. 3/6c, the
resultant, if any, must be a force R through A. In addition, if ΣMB � 0,
the resultant, if one still exists, must pass through B as shown in Fig.
3/6d. Such a force cannot exist, however, if ΣMC � 0, where C is not

ΣFx � 0   ΣMA � 0   ΣMB � 0
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collinear with A and B. Thus, we may write the equations of equilib-
rium as

where A, B, and C are any three points not on the same straight line.
When equilibrium equations are written which are not indepen-

dent, redundant information is obtained, and a correct solution of the
equations will yield 0 � 0. For example, for a general problem in two di-
mensions with three unknowns, three moment equations written about
three points which lie on the same straight line are not independent.
Such equations will contain duplicated information, and solution of two
of them can at best determine two of the unknowns, with the third
equation merely verifying the identity 0 � 0.

Constraints and Statical Determinacy

The equilibrium equations developed in this article are both neces-
sary and sufficient conditions to establish the equilibrium of a body.
However, they do not necessarily provide all the information required to
calculate all the unknown forces which may act on a body in equilib-
rium. Whether the equations are adequate to determine all the un-
knowns depends on the characteristics of the constraints against
possible movement of the body provided by its supports. By constraint
we mean the restriction of movement.

In Example 4 of Fig. 3/1 the roller, ball, and rocker provide con-
straint normal to the surface of contact, but none tangent to the sur-
face. Thus, a tangential force cannot be supported. For the collar and
slider of Example 5, constraint exists only normal to the guide. In Ex-
ample 6 the fixed-pin connection provides constraint in both directions,
but offers no resistance to rotation about the pin unless the pin is not
free to turn. The fixed support of Example 7, however, offers constraint
against rotation as well as lateral movement.

If the rocker which supports the truss of Example 1 in Fig. 3/2 were
replaced by a pin joint, as at A, there would be one additional constraint
beyond those required to support an equilibrium configuration with no
freedom of movement. The three scalar conditions of equilibrium, Eqs.
3/2, would not provide sufficient information to determine all four un-
knowns, since Ax and Bx could not be solved for separately; only their
sum could be determined. These two components of force would be de-
pendent on the deformation of the members of the truss as influenced
by their corresponding stiffness properties. The horizontal reactions Ax

and Bx would also depend on any initial deformation required to fit the
dimensions of the structure to those of the foundation between A and B.
Thus, we cannot determine Ax and Bx by a rigid-body analysis.

Again referring to Fig. 3/2, we see that if the pin B in Example 3
were not free to turn, the support could transmit a couple to the beam
through the pin. Therefore, there would be four unknown supporting
reactions acting on the beam, namely, the force at A, the two compo-
nents of force at B, and the couple at B. Consequently the three inde-

ΣMA � 0   ΣMB � 0   ΣMC � 0
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pendent scalar equations of equilibrium would not provide enough in-
formation to compute all four unknowns.

A rigid body, or rigid combination of elements treated as a single
body, which possesses more external supports or constraints than are
necessary to maintain an equilibrium position is called statically inde-
terminate. Supports which can be removed without destroying the equi-
librium condition of the body are said to be redundant. The number of
redundant supporting elements present corresponds to the degree of sta-
tical indeterminacy and equals the total number of unknown external
forces, minus the number of available independent equations of equilib-
rium. On the other hand, bodies which are supported by the minimum
number of constraints necessary to ensure an equilibrium configuration
are called statically determinate, and for such bodies the equilibrium
equations are sufficient to determine the unknown external forces.

The problems on equilibrium in this article and throughout Vol. 1
Statics are generally restricted to statically determinate bodies where
the constraints are just sufficient to ensure a stable equilibrium configu-
ration and where the unknown supporting forces can be completely de-
termined by the available independent equations of equilibrium.

We must be aware of the nature of the constraints before we attempt
to solve an equilibrium problem. A body can be recognized as statically
indeterminate when there are more unknown external reactions than
there are available independent equilibrium equations for the force sys-
tem involved. It is always well to count the number of unknown variables
on a given body and to be certain that an equal number of independent
equations can be written; otherwise, effort might be wasted in attempt-
ing an impossible solution with the aid of the equilibrium equations only.
The unknown variables may be forces, couples, distances, or angles.

Adequacy of Constraints

In discussing the relationship between constraints and equilibrium,
we should look further at the question of the adequacy of constraints.
The existence of three constraints for a two-dimensional problem does
not always guarantee a stable equilibrium configuration. Figure 3/7
shows four different types of constraints. In part a of the figure, point A
of the rigid body is fixed by the two links and cannot move, and the third
link prevents any rotation about A. Thus, this body is completely fixed
with three adequate (proper) constraints.

In part b of the figure, the third link is positioned so that the force
transmitted by it passes through point A where the other two constraint
forces act. Thus, this configuration of constraints can offer no initial re-
sistance to rotation about A, which would occur when external loads
were applied to the body. We conclude, therefore, that this body is in-
completely fixed under partial constraints.

The configuration in part c of the figure gives us a similar condition
of incomplete fixity because the three parallel links could offer no initial
resistance to a small vertical movement of the body as a result of exter-
nal loads applied to it in this direction. The constraints in these two ex-
amples are often termed improper.
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In part d of Fig. 3/7 we have a condition of complete fixity, with link
4 acting as a fourth constraint which is unnecessary to maintain a fixed
position. Link 4, then, is a redundant constraint, and the body is stati-
cally indeterminate.

As in the four examples of Fig. 3/7, it is generally possible by direct
observation to conclude whether the constraints on a body in two-
dimensional equilibrium are adequate (proper), partial (improper), or
redundant. As indicated previously, the vast majority of problems in this
book are statically determinate with adequate (proper) constraints.

Approach to Solving Problems

The sample problems at the end of this article illustrate the applica-
tion of free-body diagrams and the equations of equilibrium to typical
statics problems. These solutions should be studied thoroughly. In the
problem work of this chapter and throughout mechanics, it is important
to develop a logical and systematic approach which includes the follow-
ing steps:

1. Identify clearly the quantities which are known and unknown.

2. Make an unambiguous choice of the body (or system of connected
bodies treated as a single body) to be isolated and draw its complete
free-body diagram, labeling all external known and unknown but
identifiable forces and couples which act on it.

3. Choose a convenient set of reference axes, always using right-
handed axes when vector cross products are employed. Choose mo-
ment centers with a view to simplifying the calculations. Generally
the best choice is one through which as many unknown forces pass
as possible. Simultaneous solutions of equilibrium equations are
frequently necessary, but can be minimized or avoided by a careful
choice of reference axes and moment centers.

4. Identify and state the applicable force and moment principles or
equations which govern the equilibrium conditions of the problem.
In the following sample problems these relations are shown in
brackets and precede each major calculation.

5. Match the number of independent equations with the number of
unknowns in each problem.

6. Carry out the solution and check the results. In many problems en-
gineering judgment can be developed by first making a reasonable
guess or estimate of the result prior to the calculation and then
comparing the estimate with the calculated value.
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Sample Problem 3/1

Determine the magnitudes of the forces C and T, which, along with the
other three forces shown, act on the bridge-truss joint.

Solution. The given sketch constitutes the free-body diagram of the isolated
section of the joint in question and shows the five forces which are in equilibrium.

Solution I (scalar algebra). For the x-y axes as shown we have

(a)

(b)

Simultaneous solution of Eqs. (a) and (b) produces

Ans.

Solution II (scalar algebra). To avoid a simultaneous solution, we may use axes
x�-y� with the first summation in the y�-direction to eliminate reference to T. Thus,

Ans.

Ans.

Solution III (vector algebra). With unit vectors i and j in the x- and y-direc-
tions, the zero summation of forces for equilibrium yields the vector equation

Equating the coefficients of the i- and j-terms to zero gives

which are the same, of course, as Eqs. (a) and (b), which we solved above.

Solution IV (geometric). The polygon representing the zero vector sum of
the five forces is shown. Equations (a) and (b) are seen immediately to give the
projections of the vectors onto the x- and y-directions. Similarly, projections onto
the x�- and y�-directions give the alternative equations in Solution II.

A graphical solution is easily obtained. The known vectors are laid off head-
to-tail to some convenient scale, and the directions of T and C are then drawn to
close the polygon. The resulting intersection at point P completes the solution,
thus enabling us to measure the magnitudes of T and C directly from the draw-
ing to whatever degree of accuracy we incorporate in the construction.

 T sin 40� � 3 � C cos 20� � 0

 8 � T cos 40� � C sin 20� � 16 � 0

 � (C cos 20�)j � 16i � 0

8i � (T cos 40�)i � (T sin 40�)j � 3j � (C sin 20�)i[ΣF � 0]

T � 9.09 kN

T � 8 cos 40� � 16 cos 40� � 3 sin 40� � 3.03 sin 20� � 0[ΣFx� � 0]

C � 3.03 kN

�C cos 20� � 3 cos 40� � 8 sin 40� � 16 sin 40� � 0[ΣFy� � 0]

T � 9.09 kN   C � 3.03 kN

 0.643T � 0.940C � 3

 T sin 40� � C cos 20� � 3 � 0 [ΣFy � 0]

 0.766T � 0.342C � 8

 8 � T cos 40� � C sin 20� � 16 � 0 [ΣFx � 0]

Art ic le  3/3 Equi l ibr ium Condit ions 127

40°

20°

3 kN

8 kN

P

T
C

16 kN

x′

T

x

y

y′

16 kN

3 kN

C

8 kN
40°

20°

� The known vectors may be added in
any order desired, but they must be
added before the unknown vectors.

Helpful Hints

� Since this is a problem of concur-
rent forces, no moment equation is
necessary.

� The selection of reference axes to fa-
cilitate computation is always an im-
portant consideration. Alternatively
in this example we could take a set
of axes along and normal to the di-
rection of C and employ a force sum-
mation normal to C to eliminate it.

�

�

�
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Sample Problem 3/2

Calculate the tension T in the cable which supports the 500-kg mass with
the pulley arrangement shown. Each pulley is free to rotate about its bearing,
and the weights of all parts are small compared with the load. Find the magni-
tude of the total force on the bearing of pulley C.

Solution. The free-body diagram of each pulley is drawn in its relative posi-
tion to the others. We begin with pulley A, which includes the only known force.
With the unspecified pulley radius designated by r, the equilibrium of moments
about its center O and the equilibrium of forces in the vertical direction require

From the example of pulley A we may write the equilibrium of forces on pulley B
by inspection as

For pulley C the angle � � 30� in no way affects the moment of T about the cen-
ter of the pulley, so that moment equilibrium requires

Ans.

Equilibrium of the pulley in the x- and y-directions requires

Ans.

Sample Problem 3/3

The uniform 100-kg I-beam is supported initially by its end rollers on the
horizontal surface at A and B. By means of the cable at C it is desired to elevate
end B to a position 3 m above end A. Determine the required tension P, the reac-
tion at A, and the angle � made by the beam with the horizontal in the elevated
position.

Solution. In constructing the free-body diagram, we note that the reaction on
the roller at A and the weight are vertical forces. Consequently, in the absence of
other horizontal forces, P must also be vertical. From Sample Problem 3/2 we
see immediately that the tension P in the cable equals the tension P applied to
the beam at C.

Moment equilibrium about A eliminates force R and gives

Ans.

Equilibrium of vertical forces requires

Ans.

The angle � depends only on the specified geometry and is

Ans.sin � � 3/8   � � 22.0�

654 � R � 981 � 0    R � 327 N[ΣFy � 0]

P � 654 NP(6 cos �) � 981(4 cos �) � 0[ΣMA � 0]

[F � �Fx 

2 � Fy 

2]   F � �(1062)2 � (613)2 � 1226 N

Fy � 613 NFy � 1226 sin 30� � 1226 � 0[ΣFy � 0]

Fx � 1062 N1226 cos 30� � Fx � 0[ΣFx � 0]

T � T3   or   T � 1226 N

T3 � T4 � T2/2 � 1226 N

 2T1 � 500(9.81)   T1 � T2 � 2450 NT1 � T2 � 500(9.81) � 0[ΣFy � 0]

T1 � T2T1r � T2r � 0[ΣMO � 0]
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Helpful Hint

� Clearly the equilibrium of this paral-
lel force system is independent of �.

Helpful Hint

� Clearly the radius r does not influence
the results. Once we have analyzed a
simple pulley, the results should be
perfectly clear by inspection.

�

�
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Sample Problem 3/4

Determine the magnitude T of the tension in the supporting cable and the
magnitude of the force on the pin at A for the jib crane shown. The beam AB is a
standard 0.5-m I-beam with a mass of 95 kg per meter of length.

Algebraic solution. The system is symmetrical about the vertical x-y plane
through the center of the beam, so the problem may be analyzed as the equilib-
rium of a coplanar force system. The free-body diagram of the beam is shown in
the figure with the pin reaction at A represented in terms of its two rectangular
components. The weight of the beam is 95(10�3)(5)9.81 � 4.66 kN and acts
through its center. Note that there are three unknowns Ax, Ay, and T, which may
be found from the three equations of equilibrium. We begin with a moment
equation about A, which eliminates two of the three unknowns from the equa-
tion. In applying the moment equation about A, it is simpler to consider the mo-
ments of the x- and y-components of T than it is to compute the perpendicular
distance from T to A. Hence, with the counterclockwise sense as positive we
write

from which Ans.

Equating the sums of forces in the x- and y-directions to zero gives

Ans.

Graphical solution. The principle that three forces in equilibrium must be
concurrent is utilized for a graphical solution by combining the two known verti-
cal forces of 4.66 and 10 kN into a single 14.66-kN force, located as shown on the
modified free-body diagram of the beam in the lower figure. The position of this
resultant load may easily be determined graphically or algebraically. The inter-
section of the 14.66-kN force with the line of action of the unknown tension T
defines the point of concurrency O through which the pin reaction A must pass.
The unknown magnitudes of T and A may now be found by adding the forces
head-to-tail to form the  closed equilibrium polygon of forces, thus satisfying
their zero vector sum. After the known vertical load is laid off to a convenient
scale, as shown in the lower part of the figure, a line representing the given di-
rection of the tension T is drawn through the tip of the 14.66-kN vector. Like-
wise a line representing the direction of the pin reaction A, determined from the
concurrency established with the free-body diagram, is drawn through the tail of
the 14.66-kN vector. The intersection of the lines representing vectors T and A
establishes the magnitudes T and A necessary to make the vector sum of the
forces equal to zero. These magnitudes are scaled from the diagram. The x- and
y-components of A may be constructed on the force polygon if desired.

[A � �Ax 

2 � Ay 

2]   A � �(17.77)2 � (6.37)2 � 18.88 kN

 Ay � 19.61 sin 25� � 4.66 � 10 � 0   Ay � 6.37 kN[ΣFy � 0]

Ax � 17.77 kN Ax � 19.61 cos 25� � 0[ΣFx � 0]

T � 19.61 kN

� 10(5 � 1.5 � 0.12) � 4.66(2.5 � 0.12) � 0
(T cos 25�)0.25 � (T sin 25�)(5 � 0.12)[ΣMA � 0]
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Graphical solution

10 kN
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0.5 m

0.25 m
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5 m

1.5 m
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4.66 kN
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25°

T

Ax
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Free-body diagram

Helpful Hints

� The justification for this step is
Varignon’s theorem, explained in
Art. 2/4. Be prepared to take full ad-
vantage of this principle frequently.

� The calculation of moments in two-
dimensional problems is generally
handled more simply by scalar alge-
bra than by the vector cross product 
r F. In three dimensions, as we will
see later, the reverse is often the case.

� The direction of the force at A could
be easily calculated if desired. How-
ever, in designing the pin A or in
checking its strength, it is only the
magnitude of the force that matters.

�

�

�

�
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3/3 A carpenter carries a 6-kg uniform board as shown.
What downward force does he feel on his shoulder at
A?

Ans. NA � 88.3 N

Problem 3/3

3/4 In the side view of a 70-kg television resting on a 
24-kg cabinet, the mass centers are labeled G1 and G2.
Determine the force reactions at A and B. (Note that
the mass center of most televisions is located well for-
ward because of the heavy nature of the front portion
of picture tubes.)

Problem 3/4

A

G1

B

350
mm

250
mm

100 mm

G2

0.6 m1.5 m

A B

0.3 m
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PROBLEMS

Introductory Problems

3/1 Determine the force P required to maintain the 200-kg
engine in the position for which � � 30�. The diameter
of the pulley at B is negligible.

Ans. P � 1759 N

Problem 3/1

3/2 The mass center G of the 1400-kg rear-engine car is
located as shown in the figure. Determine the normal
force under each tire when the car is in equilibrium.
State any assumptions.

Problem 3/2

G

1386 mm 964 mm

A

P

B

C

2 m

2 m

200 kg

�
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3/5 The roller stand is used to support portions of long
boards as they are being cut on a table saw. If the
board exerts a 25-N downward force on the roller C,
determine the vertical reactions at A and D. Note that
the connection at B is rigid, and that the feet A and D
are fairly lengthy horizontal tubes with a nonslip
coating.

Ans. NA � 8.45 N, ND � 16.55 N

Problem 3/5

3/6 The 450-kg uniform I-beam supports the load shown.
Determine the reactions at the supports.

Problem 3/6

3/7 Calculate the force and moment reactions at the bolted
base O of the overhead traffic-signal assembly. Each
traffic signal has a mass of 36 kg, while the masses of
members OC and AC are 50 kg and 55 kg, respectively.

Ans. Ox � 0, Oy � 1736 N, MO � 7460 N � m CW

5.6 m

220 kg

A B

2.4 m

A D

B

C

355 mm

235 mm
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Problem 3/7

3/8 The 20-kg homogeneous smooth sphere rests on the
two inclines as shown. Determine the contact forces
at A and B.

Problem 3/8

3/9 A 54-kg crate resets on the 27-kg pickup tailgate. Cal-
culate the tension T in each of the two restraining ca-
bles, one of which is shown. The centers of gravity are
at G1 and G2. The crate is located midway between
the two cables.

Ans. T � 577 N

Problem 3/9

A O

240
mm70 mm

350 mm

300
mm

B

G2

G1

A

B
75° 30°

36 kg 36 kg

55 kg

50 kg

7 m

4 m5 m 1
m

A B
G C

O
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3/12 The device shown is designed to aid in the removal
of pull-tab tops from cans. If the user exerts a 40-N
force at A, determine the tension T in the portion
BC of the pull tab.

Problem 3/12

3/13 A woodcutter wishes to cause the tree trunk to fall
uphill, even though the trunk is leaning downhill.
With the aid of the winch W, what tension T in the
cable will be required? The 600-kg trunk has a cen-
ter of gravity at G. The felling notch at O is suffi-
ciently large so that the resisting moment there is
negligible.

Ans. T � 401 N

Problem 3/13

W
B

O

A

G

5°

10°

4.7 m

1.3 m

4 m

Horizontal

36
mm

78 mm
F = 40N

10°

45°
32 mm

27
mm

C

A

B

O
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3/10 A portable electric generator has a mass of 160 kg
with mass center at G. Determine the upward force
F necessary to reduce the normal force at A to one-
half its nominal (F � 0) value.

Problem 3/10

3/11 With what force magnitude T must the person pull
on the cable in order to cause the scale A to read
2000 N? The weights of the pulleys and cables are
negligible. State any assumptions.

Ans. T � 581 N

Problem 3/11

A

500 kg

O

F

240
mm

325
mm

135
mm

A

B

G
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3/14 To facilitate shifting the position of a lifting hook
when it is not under load, the sliding hanger shown
is used. The projections at A and B engage the
flanges of a box beam when a load is supported, and
the hook projects through a horizontal slot in the
beam. Compute the forces at A and B when the hook
supports a 300-kg mass.

Problem 3/14

3/15 Three cables are joined at the junction ring C. Deter-
mine the tensions in cables AC and BC caused by the
weight of the 30-kg cylinder.

Ans. TAC � 215 N, TBC � 264 N

Problem 3/15

15°

45°

30° 30 kg

A

B

C
D

400
mm

600
mm B

A

300 kg
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3/16 A 700-N axial force is required to remove the pulley
from its shaft. What force F must be exerted on the
handle of each of the two prybars? Friction at the
contact points B and E is sufficient to prevent slip-
ping; friction at the pulley contact points C and F is
negligible.

Problem 3/16

3/17 The uniform beam has a mass of 50 kg per meter of
length. Compute the reactions at the support O. The
force loads shown lie in a vertical plane.
Ans. Ox � �0.7 kN, Oy � 5.98 kN, MO � 9.12 

Problem 3/17

30°

AO

B
C3 kN

1.4 kN

4 kN·m

1.8 m
0.6 m

0.6 m

0.6 m

kN � m

F F
A D

B C FO E

5°

250 mm

38
mm

31
mm
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3/20 Determine the reactions at A and E if P � 500 N.
What is the maximum value which P may have for
static equilibrium? Neglect the weight of the struc-
ture compared with the applied loads.

Problem 3/20

3/21 While digging a small hole prior to planting a tree,
a homeowner encounters rocks. If he exerts a hori-
zontal 225-N force on the prybar as shown, what is
the horizontal force exerted on rock C? Note that a
small ledge on rock C supports a vertical force re-
action there. Neglect friction at B. Complete solu-
tions (a) including and (b) excluding the weight of
the 18-kg prybar.

Ans. (a) FC � 1705 N, (b) FC � 1464 N

Problem 3/21

A

1500 mm

225 N

20°

200 mm
C

B

x

y

4 m 4 m

30°

3 m

4000 N

A B

P

E D
C

134 Chapter  3 Equi l ibr ium

Representative Problems

3/18 A pipe P is being bent by the pipe bender as shown.
If the hydraulic cylinder applies a force of magnitude
F � 24 kN to the pipe at C, determine the magni-
tude of the roller reactions at A and B.

Problem 3/18

3/19 The uniform 15-m pole has a mass of 150 kg and is
supported by its smooth ends against the vertical
walls and by the tension T in the vertical cable.
Compute the reactions at A and B.

Ans. A � B � 327 N

Problem 3/19

A

B

5 m

10 m

12 m

T

A B

C

P

F

15°
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3/22 Determine the force P required to begin rolling the
uniform cylinder of mass m over the obstruction of
height h.

Problem 3/22

3/23 A 35-N axial force at B is required to open the spring-
loaded plunger of the water nozzle. Determine the re-
quired force F applied to the handle at A and the
magnitude of the pin reaction at O. Note that the
plunger passes through a vertically-elongated hole in
the handle at B, so that negligible vertical force is
transmitted there.

Ans. F � 13.98 N, O � 48.8 N

Problem 3/23

F

FA

B

O

38 mm

44 mm

10°

18 mm

r
P

h
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3/24 A person holds a 30-kg suitcase by its handle as indi-
cated in the figure. Determine the tension in each of
the four identical links AB.

Problem 3/24

3/25 A block placed under the head of the claw hammer
as shown greatly facilitates the extraction of the
nail. If a 200-N pull on the handle is required to pull
the nail, calculate the tension T in the nail and the
magnitude A of the force exerted by the hammer
head on the block. The contacting surfaces at A are
sufficiently rough to prevent slipping.

Ans. T � 800 N, A � 755 N

Problem 3/25

200 N

200 mm

50 mm

45 mm
A

20°

A

A

B

B

35°

30(9.81) N

35°
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3/28 To test the validity of aerodynamic assumptions
made in the design of the aircraft, its model is
being tested in a wind tunnel. The support bracket
is connected to a force and moment balance, which
is zeroed when there is no airflow. Under test con-
ditions, the lift L, drag D, and pitching moment MG

act as shown. The force balance records the lift,
drag, and a moment MP. Determine MG in terms of
L, D, and MP.

Problem 3/28

3/29 The chain binder is used to secure loads of logs,
lumber, pipe, and the like. If the tension T1 is 2 kN
when � � 30�, determine the force P required on the
lever and the corresponding tension T2 for this posi-
tion. Assume that the surface under A is perfectly
smooth.

Ans. P � 166.7 N, T2 � 1.917 kN

Problem 3/29

d

h

Airflow

P

L

G

DMG

T1

T2

P

100

mm

500 mm

A
B

�
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3/26 The indicated location of the center of mass of the
1600-kg pickup truck is for the unladen condition. If
a load whose center of mass is x � 400 mm behind
the rear axle is added to the truck, determine the
mass mL for which the normal forces under the front
and rear wheels are equal.

Problem 3/26

3/27 The wall-mounted 2.5-kg light fixture has its mass
center at G. Determine the reactions at A and B and
also calculate the moment supported by the adjust-
ment thumbscrew at C. (Note that the lightweight
frame ABC has about 250 mm of horizontal tubing,
directed into and out of the paper, at both A and B.)

Ans. Bx � 32.0 N
Ax � 32.0 N, Ay � 24.5 N

MC � 2.45 CW

Problem 3/27

200 mm

230 mm

100 mm
10 mm

A

C

G

B

N � m

1125
mm 1675 mm x

BA

GG

WL
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3/30 The device shown is designed to apply pressure
when bonding laminate to each side of a countertop
near an edge. If a 120-N force is applied to the han-
dle, determine the force which each roller exerts on
its corresponding surface.

Problem 3/30

3/31 The two light pulleys are fastened together and form
an integral unit. They are prevented from turning
about their bearing at O by a cable wound securely
around the smaller pulley and fastened to point A.
Calculate the magnitude R of the force supported by
the bearing O for the applied 2-kN load.

Ans. R � 4.38 kN

Problem 3/31

3/32 In a procedure to evaluate the strength of the triceps
muscle, a person pushes down on a load cell with the
palm of his hand as indicated in the figure. If the
load-cell reading is 160 N, determine the vertical
tensile force F generated by the triceps muscle. The
mass of the lower arm is 1.5 kg with mass center at
G. State any assumptions.

2 kN

325 mm

AO

200 mm

125 mm

16
5 m

m

45°

45 mm

30 mm

30
mm

120 N

A

C

B
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Problem 3/32

3/33 A person is performing slow arm curls with a 10-kg
weight as indicated in the figure. The brachialis
muscle group (consisting of the biceps and brachialis
muscles) is the major factor in this exercise. Deter-
mine the magnitude F of the brachialis-muscle-
group force and the magnitude E of the elbow joint
reaction at point E for the forearm position shown
in the figure. Take the dimensions shown to locate
the effective points of application of the two muscle
groups; these points are 200 mm directly above E
and 50 mm directly to the right of E. Include the
effect of the 1.5-kg forearm mass with mass center
at point G. State any assumptions.

Ans. F � 753 N, E � 644 N

Problem 3/33

E
G

350 mm
50 mm 100 mm

200 mm

Humerus
Biceps
Brachialis

Ulna
Radius 10 kg

25 mm

G

Ulna
Hand

Load cell

O

Humerus
Triceps

150 mm 150 mm
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Problem 3/35

3/36 The elements of an on-off mechanism for a table
lamp are shown in the figure. The electrical switch
S requires a 4-N force in order to depress it. What
corresponding force F must be exerted on the han-
dle at A?

Problem 3/36

A

O

S F

90 mm

30 mm

30°

15°

60 mm

50 mm

225 mm

Femur
Fibula

Tibia
Patella

Patellar
tendon

Quadriceps muscle

O

40°

55°
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3/34 A woman is holding a 3.6-kg sphere in her hand
with the entire arm held horizontally as shown in
the figure. A tensile force in the deltoid muscle pre-
vents the arm from rotating about the shoulder
joint O; this force acts at the 21� angle shown. De-
termine the force exerted by the deltoid muscle on
the upper arm at A and the x- and y-components of
the force reaction at the shoulder joint O. The mass
of the upper arm is mU � 1.9 kg, the mass of the
lower arm is mL � 1.1 kg, and the mass of the hand
is mH � 0.4 kg; all the corresponding weights act at
the locations shown in the figure.

Problem 3/34

3/35 With his weight W equally distributed on both feet, a
man begins to slowly rise from a squatting position
as indicated in the figure. Determine the tensile
force F in the patellar tendon and the magnitude of
the force reaction at point O, which is the contact
area between the tibia and the femur. Note that the
line of action of the patellar tendon force is along its
midline. Neglect the weight of the lower leg.

Ans. F � 2.25W, O � 2.67W

y

x

635 mm
412 mm

125 mm

Deltoid muscle

21°

3.6(9.81) N

WU

O

FD

A

WL WH

130 mm
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3/37 The uniform 18-kg bar OA is held in the position
shown by the smooth pin at O and the cable AB. De-
termine the tension T in the cable and the magni-
tude and direction of the external pin reaction at O.
Ans. T � 99.5 N, O � 246 N, 70.3� CCW from x-axis

Problem 3/37

3/38 A person attempts to move a 20-kg shop vacuum by
pulling on the hose as indicated. What force F will
cause the unit to tip clockwise if wheel A is against
an obstruction?

Problem 3/38

F

15°C

G

B
A

200 mm

375 mm

175
mm

175
mm

75 
mm

B O

A

1.5 m

60°

1.2 m

x
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3/39 The exercise machine is designed with a lightweight
cart which is mounted on small rollers so that it is
free to move along the inclined ramp. Two cables are
attached to the cart—one for each hand. If the hands
are together so that the cables are parallel and if
each cable lies essentially in a vertical plane, deter-
mine the force P which each hand must exert on its
cable in order to maintain an equilibrium position.
The mass of the person is 70 kg, the ramp angle � is
15�, and the angle � is 18�. In addition, calculate the
force R which the ramp exerts on the cart.

Ans. P � 45.5 N, R � 691 N

Problem 3/39

3/40 The device shown is used to test automobile-engine
valve springs. The torque wrench is directly con-
nected to arm OB. The specification for the automo-
tive intake-valve spring is that 370 N of force should
reduce its length from 50 mm (unstressed length) to
42 mm. What is the corresponding reading M on the
torque wrench, and what force F exerted on the
torque-wrench handle is required to produce this
reading? Neglect the small effects of changes in the
angular position of arm OB.

Problem 3/40

F

55°

20°

A

B
O

375 mm

150 mm

β

θ 
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3/43 The hook wrench or pin spanner is used to turn
shafts and collars. If a moment of is re-
quired to turn the 200-mm-diameter collar about its
center O under the action of the applied force P, de-
termine the contact force R on the smooth surface at
A. Engagement of the pin at B may be considered to
occur at the periphery of the collar.

Ans. R � 1047 N

Problem 3/43

3/44 The dolly shown is useful in the handling of large
drums. Determine the force F necessary to hold a
drum in the position shown. You may neglect the
weight of the dolly in comparison with that of the
250-kg drum, whose center of mass is at G. There is
sufficient friction to prevent slipping at the contact
point P.

Problem 3/44

425 mm

900 mm

150 mm

300 mm

25°
P

C

G

F

375 mm
A

P
B

O

120°100mm

80 N � m
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3/41 During an engine test on the ground, a propeller
thrust T � 3000 N is generated on the 1800-kg air-
plane with mass center at G. The main wheels at B
are locked and do not skid; the small tail wheel at A
has no brake. Compute the percent change n in the
normal forces at A and B as compared with their
“engine-off” values.

Ans. nA � �32.6%, nB � 2.28%

Problem 3/41

3/42 A rocker arm with rollers at A and B is shown in
the position when the valve is open and the valve
spring is fully compressed. In this position, the
spring force is 900 N. Determine the force which
the rocker arm exerts on the camshaft C. Also cal-
culate the magnitude of the force supported by the
rocker-arm shaft O.

Problem 3/42

A B

C
O

10°
48 mm 30 mm

7 mm

4 m

1.4 m

12°

T

G

BA
0.8
m
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3/45 In sailing at a constant speed with the wind, the sail-
boat is driven by a 4-kN force against its mainsail and
a 1.6-kN force against its staysail as shown. The total
resistance due to fluid friction through the water is
the force R. Determine the resultant of the lateral
forces perpendicular to motion applied to the hull by
the water.

Ans. M � 9.6 kN � m

Problem 3/45

3/46 Estimate the force F required to lift the rear tires of
the race car off the ground. You may assume that
part of CD of the dolly jack is horizontal. The mass
of the car and the driver combined is 700 kg with
mass center at G. The driver applies the brakes dur-
ing the jacking. State any additional assumptions.

Problem 3/46

3/47 A portion of the shifter mechanism for a manual car
transmission is shown in the figure. For the 8-N
force exerted on the shift knob, determine the corre-
sponding force P exerted by the shift link BC on the
transmission (not shown). Neglect friction in the
ball-and-socket joint at O, in the joint at B, and in
the slip tube near support D. Note that a soft rubber
bushing at D allows the slip tube to self-align with
link BC.

Ans. P � 26.3 N

1200
mm

1625 mm 1370 mm

370 mm 190 mm

F

A B

G C D

E

1.5 m

3 m

R

1.6
kN

4 kN

Wind
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Problem 3/47

3/48 The small sailboat may be tipped at its moorings as
shown to effect repairs below the waterline. One at-
tached rope is passed under the keel and secured to
the dock. The other rope is attached to the mast and
is used to tip the boat. The boat shown has a dis-
placement (which equals the total mass) of 5000 kg
with mass center at G. The metacenter M is the
point on the centerline of the boat through which
the vertical resultant of the buoyant forces passes,
and . Calculate the tension T required to
hold the boat in the position shown.

Problem 3/48

6 
m

M

G

30°

T90°

90°

GM � 0.8 m

188 mm

8 N

5°

15° Slip tube

A

B

O

D

C P
75 mm

25 mm

25 mm
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Problem 3/51

3/52 To test the deflection of the uniform 100-kg beam
the 50-kg boy exerts a pull of 150 N on the rope
rigged as shown. Compute the force supported by
the pin at the hinge O.

Problem 3/52

3/53 Determine the external reactions at A and F for the
roof truss loaded as shown. The vertical loads repre-
sent the effect of the supported roofing materials,
while the 400-N force represents a wind load.

Ans. Ax � 346 N, Ay � 1100 N, Fy � 1100 N

Problem 3/53

250 N

500 N

x

y

A
G

F

B

C

D

E
250 N

60°

60°

30° 30° 30°

400 N

500 N

500 N

10 m

A
O

0.75 
m

2.5 m 0.75 
m

1.5 m
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8003000
A

A2

A1

B

D

L

Detail

Air flow

300

950

Dimensions in millimeters
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3/49 A torque (moment) of is required to turn
the bolt about its axis. Determine P and the forces
between the smooth hardened jaws of the wrench
and the corners A and B of the hexagonal head. As-
sume that the wrench fits easily on the bolt so that
contact is made at corners A and B only.

Ans. P � 200 N, A � 2870 N, B � 3070 N

Problem 3/49

3/50 Determine the moment M which must be applied to
the shaft in order to hold the homogeneous hemi-
sphere in an arbitrary angular position as measured
by the angle �. The radii of gear A, gear B, and the
hemisphere are rA, rB, and r, respectively. Assume
the friction in all bearings to be negligible.

Problem 3/50

3/51 The car complete with driver has a mass of 815 kg
and without the two airfoils has a 50%–50%
front–rear weight distribution at a certain speed at
which there is no lift on the car. It is estimated that
at this speed each of the airfoils A1 and A2 will gen-
erate 2 kN of downward force L and 250 N of drag
force D on the car. Specify the vertical reactions NA

and NB under the two pairs of wheels at that speed
when the airfoils are added. Assume that the addi-
tion of the airfoils does not affect the drag and zero-
lift conditions of the car body itself and that the
engine has sufficient power for equilibrium at that
speed. The weight of the airfoils may be neglected.

Ans. NA � 5750 N (48.0%), NB � 6240 N (52.0%)

M

A

B

C

D

m
r

�

A
B14 mm

120 mm

P

24 N � m
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3/54 The member OBC and sheave at C together have a
mass of 500 kg, with a combined center of mass at G.
Calculate the magnitude of the force supported by
the pin connection at O when the 3-kN load is ap-
plied. The collar at A can provide support in the hor-
izontal direction only.

Problem 3/54

3/55 It is desired that a person be able to begin closing
the van hatch from the open position shown with a
40-N vertical force P. As a design exercise, deter-
mine the necessary force in each of the two hy-
draulic struts AB. The mass center of the 40-kg
door is 37.5 mm directly below point A. Treat the
problem as two-dimensional.

Ans. F � 803 N

Problem 3/55

C
B

A
G

O
3 kN

0.5 m
0.5 m

4.5 m
1.5 m

30°

1 m

1 m

1 m

1125 mm

550 mm

Hinge axis

175 mm600 mm

Strut detail

30°
A

A

O

O

B

B

P
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3/56 The man pushes the lawn mower at a steady speed
with a force P which is parallel to the incline. The
mass of the mower with attached grass bag is 50 kg
with mass center at G. If � � 15�, determine the nor-
mal forces NB and NC under each pair of wheels B
and C. Neglect friction. Compare with the normal
forces for the conditions of � � 0 and P � 0.

Problem 3/56

3/57 Determine the tension T in the turnbuckle for the
pulley–cable system in terms of the mass m of the
body which it supports. Neglect the mass of the pul-
leys and cable.

Ans.

Problem 3/57

T

m

T � 27 

mg

θ

900
mm

1000
mm

200
mm

500
mm

215 mmP
A

G

C

B
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3/60 Certain elements of an in-refrigerator ice-cube
maker are shown in the figure. (A “cube” has the
form of a cylindrical segment!) Once the cube freezes
and a small heater (not shown) forms a thin film of
water between the cube and supporting surface, a
motor rotates the ejector arm OA to remove the
cube. If there are eight cubes and eight arms, deter-
mine the required torque M as a function of �. The
mass of eight cubes is 0.25 kg, and the center-of-
mass distance . Neglect friction, and as-
sume that the resultant of the distributed normal
force acting on the cube passes through point O.

Problem 3/60

M

A

A

O

G
r = 37 mm

r–

8 m
m

r � 0.55r
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3/58 The cargo door for an airplane of circular fuselage
section consists of the uniform quarter-circular seg-
ment AB of mass m. A detent in the hinge at A holds
the door open in the position shown. Determine the
moment exerted by the hinge on the door.

Problem 3/58

3/59 Pulley A delivers a steady torque (moment) of
to a pump through its shaft at C. The ten-

sion in the lower side of the belt is 600 N. The dri-
ving motor B has a mass of 100 kg and rotates
clockwise. As a design consideration, determine the
magnitude R of the force on the supporting pin at O.

Ans. R � 1.167 kN

Problem 3/59

100 N � m

Closed position of B

Horiz. A

30°

B

r

600 N

30°

O

B

A

200 mm
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3/4 EQ U I L I B R I U M CO N D I T I O N S

We now extend our principles and methods developed for two-
dimensional equilibrium to the case of three-dimensional equilibrium.
In Art. 3/1 the general conditions for the equilibrium of a body were
stated in Eqs. 3/1, which require that the resultant force and resultant
couple on a body in equilibrium be zero. These two vector equations of
equilibrium and their scalar components may be written as

(3/3)

The first three scalar equations state that there is no resultant force act-
ing on a body in equilibrium in any of the three coordinate directions.
The second three scalar equations express the further equilibrium re-
quirement that there be no resultant moment acting on the body about
any of the coordinate axes or about axes parallel to the coordinate axes.
These six equations are both necessary and sufficient conditions for
complete equilibrium. The reference axes may be chosen arbitrarily as a
matter of convenience, the only restriction being that a right-handed co-
ordinate system should be chosen when vector notation is used.

The six scalar relationships of Eqs. 3/3 are independent conditions
because any of them can be valid without the others. For example, for a
car which accelerates on a straight and level road in the x-direction,
Newton’s second law tells us that the resultant force on the car equals
its mass times its acceleration. Thus ΣFx � 0, but the remaining two
force–equilibrium equations are satisfied because all other acceleration
components are zero. Similarly, if the flywheel of the engine of the accel-
erating car is rotating with increasing angular speed about the x-axis, it
is not in rotational equilibrium about this axis. Thus, for the flywheel
alone, ΣMx � 0 along with ΣFx � 0, but the remaining four equilibrium
equations for the flywheel would be satisfied for its mass-center axes.

In applying the vector form of Eqs. 3/3, we first express each of the
forces in terms of the coordinate unit vectors i, j, and k. For the first
equation, ΣF � 0, the vector sum will be zero only if the coefficients of i,
j, and k in the expression are, respectively, zero. These three sums,
when each is set equal to zero, yield precisely the three scalar equations
of equilibrium, ΣFx � 0, ΣFy � 0, and ΣFz � 0.

For the second equation, ΣM � 0, where the moment sum may be
taken about any convenient point O, we express the moment of each
force as the cross product r F, where r is the position vector from O to
any point on the line of action of the force F. Thus ΣM � Σ(r F) � 0.
When the coefficients of i, j, and k in the resulting moment equation are

�
�
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SECTION B EQUILIBRIUM IN THREE DIMENSIONS

M � 0   or   �
Mx � 0
My � 0
Mz � 0

F � 0   or   �
Fx � 0
Fy � 0
Fz � 0
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set equal to zero, respectively, we obtain the three scalar moment equa-
tions ΣMx � 0, ΣMy � 0, and ΣMz � 0.

Free-Body Diagrams

The summations in Eqs. 3/3 include the effects of all forces on the
body under consideration. We learned in the previous article that the
free-body diagram is the only reliable method for disclosing all forces
and moments which should be included in our equilibrium equations. In
three dimensions the free-body diagram serves the same essential pur-
pose as it does in two dimensions and should always be drawn. We have
our choice either of drawing a pictorial view of the isolated body with all
external forces represented or of drawing the orthogonal projections of
the free-body diagram. Both representations are illustrated in the sam-
ple problems at the end of this article.

The correct representation of forces on the free-body diagram re-
quires a knowledge of the characteristics of contacting surfaces. These
characteristics were described in Fig. 3/1 for two-dimensional problems,
and their extension to three-dimensional problems is represented in Fig.
3/8 for the most common situations of force transmission. The representa-
tions in both Figs. 3/1 and 3/8 will be used in three-dimensional analysis.

The essential purpose of the free-body diagram is to develop a reli-
able picture of the physical action of all forces (and couples if any) acting
on a body. So it is helpful to represent the forces in their correct physi-
cal sense whenever possible. In this way, the free-body diagram becomes
a closer model to the actual physical problem than it would be if the
forces were arbitrarily assigned or always assigned in the same mathe-
matical sense as that of the assigned coordinate axis.

For example, in part 4 of Fig. 3/8, the correct sense of the unknowns
Rx and Ry may be known or perceived to be in the sense opposite to
those of the assigned coordinate axes. Similar conditions apply to the
sense of couple vectors, parts 5 and 6, where their sense by the right-
hand rule may be assigned opposite to that of the respective coordi-
nate direction. By this time, you should recognize that a negative
answer for an unknown force or couple vector merely indicates that its
physical action is in the sense opposite to that assigned on the free-
body diagram. Frequently, of course, the correct physical sense is not
known initially, so that an arbitrary assignment on the free-body dia-
gram become necessary.

Categories of Equilibrium

Application of Eqs. 3/3 falls into four categories which we identify
with the aid of Fig. 3/9. These categories differ in the number and type
(force or moment) of independent equilibrium equations required to
solve the problem.

Category 1, equilibrium of forces all concurrent at point O, re-
quires all three force equations, but no moment equations because the
moment of the forces about any axis through O is zero.

Category 2, equilibrium of forces which are concurrent with a line,
requires all equations except the moment equation about that line,
which is automatically satisfied.
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M O D E L I N G  T H E  A C T I O N  O F  F O R C E S  I N  T H R E E - D I M E N S I O N A L  A N A L Y S I S

Type of Contact and Force Origin Action on Body to Be Isolated

Force must be normal to the
surface and directed toward
the member.

The possibility exists for a 
force F tangent to the surface
(friction force) to act on the
member, as well as a normal
force N.

A lateral force P exerted by the
guide on the wheel can exist, in
addition to the normal force N.

A ball-and-socket joint free to
pivot about the center of the
ball can support a force R with
all three components.

In addition to three components
of force, a fixed connection
can support a couple M
represented by its three
components.

Thrust bearing is capable of
supporting axial force Ry as
well as radial forces Rx and Rz.
Couples Mx and Mz must, in
some cases, be assumed zero
in order to provide statical
determinacy.

1. Member in contact with smooth
surface, or ball-supported member

2. Member in contact
with rough
surface

3. Roller or wheel support
with lateral
constraint

4. Ball-and-socket joint

5. Fixed connection (embedded or welded)

6. Thrust-bearing support
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Category 3, equilibrium of parallel forces, requires only one force
equation, the one in the direction of the forces (x-direction as shown),
and two moment equations about the axes (y and z) which are normal to
the direction of the forces.

Category 4, equilibrium of a general system of forces, requires all
three force equations and all three moment equations.

The observations contained in these statements are generally quite
evident when a given problem is being solved.

Constraints and Statical Determinacy

The six scalar relations of Eqs. 3/3, although necessary and suffi-
cient conditions to establish equilibrium, do not necessarily provide all
of the information required to calculate the unknown forces acting in a
three-dimensional equilibrium situation. Again, as we found with two
dimensions, the question of adequacy of information is decided by the
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CATEGORIES OF EQUILIBRIUM IN THREE DIMENSIONS

Force System Free-Body Diagram Independent Equations

ΣFx = 0

ΣFy = 0

ΣMx = 0

ΣMy = 0

ΣFz = 0 ΣMz = 0

ΣFx = 0 ΣMy = 0

ΣMz = 0

ΣFx = 0

ΣFy = 0

ΣMy = 0

ΣMz = 0

ΣFz = 0

ΣFx = 0

ΣFy = 0

ΣFz = 0

1. Concurrent
    at a point

2. Concurrent
    with a line

3. Parallel

4. General

O
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Figure 3/9
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characteristics of the constraints provided by the supports. An analyti-
cal criterion for determining the adequacy of constraints is available,
but it is beyond the scope of this treatment.* In Fig. 3/10, however, we
cite four examples of constraint conditions to alert the reader to the
problem.

Part a of Fig. 3/10 shows a rigid body whose corner point A is com-
pletely fixed by the links 1, 2, and 3. Links 4, 5, and 6 prevent rotations
about the axes of links 1, 2, and 3, respectively, so that the body is com-
pletely fixed and the constraints are said to be adequate. Part b of the fig-
ure shows the same number of constraints, but we see that they provide
no resistance to a moment which might be applied about axis AE. Here
the body is incompletely fixed and only partially constrained.

Similarly, in Fig. 3/10c the constraints provide no resistance to an
unbalanced force in the y-direction, so here also is a case of incomplete
fixity with partial constraints. In Fig. 3/10d, if a seventh constraining
link were imposed on a system of six constraints placed properly for
complete fixity, more supports would be provided than would be neces-
sary to establish the equilibrium position, and link 7 would be redun-
dant. The body would then be statically indeterminate with such a
seventh link in place. With only a few exceptions, the supporting con-
straints for rigid bodies in equilibrium in this book are adequate, and
the bodies are statically determinate.
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Figure 3/10

*See the first author’s Statics, 2nd Edition SI Version, 1975, Art. 16.
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The equilibrium of structural components such as these shell-like panels
is an issue both during and after construction. This structure will be used
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Sample Problem 3/5

The uniform 7-m steel shaft has a mass of 200 kg and is supported by a ball-
and-socket joint at A in the horizontal floor. The ball end B rests against the
smooth vertical walls as shown. Compute the forces exerted by the walls and the
floor on the ends of the shaft.

Solution. The free-body diagram of the shaft is first drawn where the contact
forces acting on the shaft at B are shown normal to the wall surfaces. In addition
to the weight W � mg � 200(9.81) � 1962 N, the force exerted by the floor on
the ball joint at A is represented by its x-, y-, and z-components. These compo-
nents are shown in their correct physical sense, as should be evident from the re-
quirement that A be held in place. The vertical position of B is found from

, h � 3 m. Right-handed coordinate axes are assigned as shown.

Vector solution. We will use A as a moment center to eliminate reference to
the forces at A. The position vectors needed to compute the moments about A are

where the mass center G is located halfway between A and B.
The vector moment equation gives

Equating the coefficients of i, j, and k to zero and solving give

Ans.

The forces at A are easily determined by

and

Finally

Ans.

Scalar solution. Evaluating the scalar moment equations about axes through
A parallel, respectively, to the x- and y-axes, gives

The force equations give, simply,

 Az � 1962 N Az � 1962 � 0[ΣFz � 0]

 Ay � 1962 N �Ay � 1962 � 0[ΣFy � 0]

 Ax � 654 N �Ax � 654 � 0[ΣFx � 0]

Bx � 654 N �1962(1) � 3Bx � 0[ΣMAy
 � 0]

By � 1962 N 1962(3) � 3By � 0[ΣMAx
 � 0]

 � �(654)2 � (1962)2 � (1962)2 � 2850 N

 A � �Ax 

2 � Ay 

2 � Az 

2

Ax � 654 N   Ay � 1962 N   Az � 1962 N

(654 � Ax)i � (1962 � Ay)j � (�1962 � Az)k � 0[ΣF � 0]

Bx � 654 N   and   By � 1962 N

(�3By � 5890)i � (3Bx � 1962)j � (�2By � 6Bx)k � 0

� i
�2
Bx

j
�6
By

k
3
0
� � � i

�1
0

j
�3

0

k     
1.5   

�1962
� � 0

(�2i � 6j � 3k) � (Bxi � By j) � (�i � 3j � 1.5k) � (�1962k) � 0

rAB � (Bx � By) � rAG � W � 0[ΣMA � 0]

rAG � �1i � 3j � 1.5k m   and   rAB � �2i � 6j � 3k m

7 � �22 � 62 � h2
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7 m

6 m 2 m

B

A

6 m

3.5 m

3.5 m

2 m
A

B

G

y

h

x

z

W = mg

Ax

By
Bx

Ay

Az

�

�

�

Helpful Hints

� We could, of course, assign all of the
unknown components of force in the
positive mathematical sense, in which
case Ax and Ay would turn out to be
negative upon computation. The free-
body diagram describes the physical
situation, so it is generally preferable
to show the forces in their correct
physical senses wherever possible.

� Note that the third equation �2By �

6Bx � 0 merely checks the results of
the first two equations. This result
could be anticipated from the fact
that an equilibrium system of forces
concurrent with a line requires only
two moment equations (Category 2
under Categories of Equilibrium).

� We observe that a moment sum
about an axis through A parallel to
the z-axis merely gives us 6Bx �

2By � 0, which serves only as a
check as noted previously. Alterna-
tively we could have first obtained
Az from and then taken 
our moment equations about axes
through B to obtain A x and Ay.

ΣFz � 0
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Sample Problem 3/6

A 200-N force is applied to the handle of the hoist in the direction shown.
The bearing A supports the thrust (force in the direction of the shaft axis), while
bearing B supports only radial load (load normal to the shaft axis). Determine
the mass m which can be supported and the total radial force exerted on the
shaft by each bearing. Assume neither bearing to be capable of supporting a mo-
ment about a line normal to the shaft axis.

Solution. The system is clearly three-dimensional with no lines or planes of
symmetry, and therefore the problem must be analyzed as a general space sys-
tem of forces. A scalar solution is used here to illustrate this approach, although
a solution using vector notation would also be satisfactory. The free-body dia-
gram of the shaft, lever, and drum considered a single body could be shown by a
space view if desired, but is represented here by its three orthogonal projections.

The 200-N force is resolved into its three components, and each of the three
views shows two of these components. The correct directions of Ax and Bx may be
seen by inspection by observing that the line of action of the resultant of the two
70.7-N forces passes between A and B. The correct sense of the forces Ay and By

cannot be determined until the magnitudes of the moments are obtained, so they
are arbitrarily assigned. The x-y projection of the bearing forces is shown in
terms of the sums of the unknown x- and y-components. The addition of Az and
the weight W � mg completes the free-body diagrams. It should be noted that
the three views represent three two-dimensional problems related by the corre-
sponding components of the forces.

From the x-y projection

Ans.

From the x-z projection

The y-z view gives

The total radial forces on the bearings become

Ans.

Ans. B � �(35.4)2 � (520)2 � 521 N [B � �Bx 

2 � By 

2]

 Ar � �(35.4)2 � (86.8)2 � 93.5 N [Ar � �Ax 

2 � Ay 

2]

Az � 70.7 N[ΣFz � 0]

Ay �86.8 NAy � 520 � 173.2 � (44.1)(9.81) � 0[ΣFy � 0]

By � 520 N150By � 175(173.2) � 250(44.1)(9.81) � 0[ΣMA � 0]

Ax � 35.4 NAx � 35.4 � 70.7 � 0[ΣFx � 0]

Bx � 35.4 N150Bx � 175(70.7) � 250(70.7) � 0[ΣMA �0]

100(9.81m) � 250(173.2) � 0   m� 44.1 kg[ΣMO � 0]
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Thrust
bearing

Radial
bearing

100 45°

60°

200 N75150
100

100 250

x

z

y

A

B

m

Dimensions in millimeters

70.7 N

173.2 N 173.2 N

70.7 N

70.7 N

70.7 N

Az

Az

Ax + Bx

Ay + By

Bx

z

x

Ax

By Ay

z x

yy

mg = 9.81m mg = 9.81m

O

Helpful Hints

� If the standard three views of ortho-
graphic projection are not entirely
familiar, then review and practice
them. Visualize the three views as
the images of the body projected
onto the front, top, and end surfaces
of a clear plastic box placed over and
aligned with the body.

� We could have started with the x-z
projection rather than with the x-y
projection.

� The y-z view could have followed im-
mediately after the x-y view since
the determination of Ay and By may
be made after m is found.

� Without the assumption of zero mo-
ment supported by each bearing
about a line normal to the shaft axis,
the problem would be statically in-
determinate.

�

�

�

�
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Sample Problem 3/7

The welded tubular frame is secured to the horizontal x-y plane by a ball-
and-socket joint at A and receives support from the loose-fitting ring at B. Under
the action of the 2-kN load, rotation about a line from A to B is prevented by the
cable CD, and the frame is stable in the position shown. Neglect the weight of
the frame compared with the applied load and determine the tension T in the
cable, the reaction at the ring, and the reaction components at A.

Solution. The system is clearly three-dimensional with no lines or planes of
symmetry, and therefore the problem must be analyzed as a general space sys-
tem of forces. The free-body diagram is drawn, where the ring reaction is shown
in terms of its two components. All unknowns except T may be eliminated by a
moment sum about the line AB. The direction of AB is specified by the unit

vector The moment of T about AB

is the component in the direction of AB of the vector moment about the point A
and equals Similarly the moment of the applied load F about AB is

With the vector expressions for T, F, r1, and r2 are

The moment equation now becomes

Completion of the vector operations gives

Ans.

and the components of T become

We may find the remaining unknowns by moment and force summations as
follows:

Ans.

Ans.

Ans.

Ans.

Ans. Az � 4.06 � 2.50 � 0    Az � �1.556 kN[ΣFz � 0]

 Ay � 2 � 1.042 � 0    Ay � �3.04 kN[ΣFy � 0]

 Ax � 0.417 � 0.833 � 0    Ax � �1.250 kN[ΣFx � 0]

 4.5Bz � 2(6) � 1.042(6) � 0    Bz � 4.06 kN[ΣMx � 0]

 2(2.5) � 4.5Bx � 1.042(3) � 0    Bx � 0.417 kN[ΣMz � 0]

Tx � 0.833 kN   Ty � 1.042 kN   Tz � �2.50 kN

�
48T

�46.2
 � 20 � 0   T � 2.83 kN

� (2.5i � 6k) � (2j) �
1
5(3j � 4k) � 0

(�i � 2.5j) � T
�46.2

 (2i � 2.5j � 6k) �
1
5(3j � 4k)[ΣMAB � 0]

r1 � �i � 2.5j m   r2 � 2.5i � 6k m

T � T
�46.2

 (2i � 2.5j � 6k)   F � 2j kN

CD � �46.2 m,r2 � F � n.
r1 � T � n.

n � 1
�62 � 4.52

 (4.5j � 6k) � 15(3j � 4k).
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r1 ×× T

�

�

�

Helpful Hints

� The advantage of using vector nota-
tion in this problem is the freedom
to take moments directly about any
axis. In this problem this freedom
permits the choice of an axis that
eliminates five of the unknowns.

� Recall that the vector r in the expres-
sion r F for the moment of a force
is a vector from the moment center to
any point on the line of action of the
force. Instead of r1, an equally simple
choice would be the vector .

� The negative signs associated with
the A-components indicate that they
are in the opposite direction to those
shown on the free-body diagram.

AC
l

�
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PROBLEMS

Introductory Problems

3/61 Determine the tensions in cables AB, AC, and AD. 
Ans. TAB � 569 N, TAC � 376 N, TAD � 467 N

Problem 3/61

3/62 A uniform steel plate 360 mm square with a mass of
15 kg is suspended in the horizontal plane by the
three vertical wires as shown. Calculate the tension
in each wire.

Problem 3/62

120
mm

240
mm

180
mm

180
mm

A

B

C

120 kg

2.5
m

A

B

C

D

1.25 m

2 m
1.5 m

0.5 m
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3/63 The horizontal steel shaft has a mass of 480 kg and
is suspended by a vertical cable from A and by a sec-
ond cable BC which lies in a vertical transverse
plane and loops underneath the shaft. Calculate the
tensions T1 and T2 in the cables.

Ans. T1 � 1177 N, T2 � 1974 N

Problem 3/63

3/64 Two steel I-beams, each with a mass of 100 kg, are
welded together at right angles and lifted by vertical
cables so that the beams remain in a horizontal
plane. Compute the tension in each of the cables A,
B, and C.

Problem 3/64

B

A

C

90°

2.4 m

0.9 m

1.5 m

T2

T2

T1

1.5 m

1
m

3 m

4 m

3 m

1.5 m

A

B

C

x

z

y
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3/67 The 600-kg industrial door is a uniform rectangular
panel which rolls along the fixed rail D on its
hanger-mounted wheels A and B. The door is main-
tained in a vertical plane by the floor-mounted guide
roller C, which bears against the bottom edge. For
the position shown compute the horizontal side
thrust on each of the wheels A and B, which must be
accounted for in the design of the brackets.

Ans. Ax � 235 N, Bx � 58.9 N

Problem 3/67

3/68 A uniform steel ring 600 mm in diameter has a mass
of 50 kg and is lifted by the three cables, each 500
mm long, attached at points A, B, and C as shown.
Compute the tension in each cable.

Problem 3/68

3/69 A three-legged stool is subjected to the load L as
shown. determine the vertical force reaction under
each leg. Neglect the weight of the stool.

Ans. NA � 0.533L, NB � NC � 0.233L

300 mm

500 mm

90°
120°

A 
B 

C 

150 mm

Detail of
Door Hanger

D

A

C

z

y

x

0.9
m

0.9
m3 m

3 m

1.5 m

B
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3/65 The chain-supported portion of a light fixture is in
the shape of part of a spherical shell. If the mass of
the glass unit is m, determine the tension T in each
of the three chains.

Ans. T � 0.373mg

Problem 3/65

3/66 An overhead view of a car is shown in the figure.
Two different locations C and D are considered for a
single jack. In each case, the entire right side of the
car is lifted just off the ground. Determine the nor-
mal reaction forces at A and B and the vertical jack-
ing force required for the case of each jacking
location. Consider the 1600-kg car to be rigid. The
mass center G is on the midline of the car.

Problem 3/66

1575 mm

BA

G

C D
1120
mm

1400
mm 280

mm

m

r

4r

3r
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Problem 3/69

3/70 Determine the compression in each of the three legs
of the tripod subjected to the vertical 2-kN force. The
weight of the legs is negligible compared with the
applied load. Solve by using the force–equilibrium
equation ΣF � 0.

Problem 3/70

z

y

x

F = 2 kN

D

A

B

C
O

500
mm

230
mm

440
mm

1100
mm

380mm

400mm

240mm

A

B

120° 120°

120°

325

Dimensions in millimeters

L

7575100

C
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Representative Problems

3/71 One of the vertical walls supporting end B of the
200-kg uniform shaft of Sample Problem 3/5 is
turned through a 30� angle as shown here. End A is
still supported by the ball-and-socket connection in
the horizontal x-y plane. Calculate the magnitudes of
the forces P and R exerted on the ball end B of the
shaft by the vertical walls C and D, respectively.

Ans. P � 1584 N, R � 755 N

Problem 3/71

3/72 The 9-m steel boom has a mass of 600 kg with center
of mass at midlength. It is supported by a ball-and-
socket joint at A and the two cables under tensions
T1 and T2. The cable which supports the 2000-kg
load leads through a sheave (pulley) at B and is se-
cured to the vertical x-y plane at F. Calculate the
magnitude of the tension T1. (Hint: Write a moment
equation which eliminates all unknowns except T1.)

Problem 3/72

C

B

A

F

D
E

x

y

2 m

5 m

4 m

6 m

6 m

A
__

F
__

 = 3 m

2000 kg

2 m

T2T1

z

x y

z

B
D

C

A

30°

6 m

7 m

2 m
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3/75 The mass center of the 30-kg door is in the center of
the panel. If the weight of the door is supported en-
tirely by the lower hinge A, calculate the magnitude
of the total force supported by the hinge at B.

Ans. B � 190.2 N

Problem 3/75

3/76 As part of a check on its design, a lower A-arm (part
of an automobile suspension) is supported by bear-
ings at A and B and subjected to the pair of 900-N
forces at C and D. The suspension spring, not shown
for clarity, exerts a force FS at E as shown, where E
is in plane ABCD. Determine the magnitude FS of
the spring force and the magnitudes FA and FB of
the bearing forces at A and B which are perpendicu-
lar to the hinge axis AB.

Problem 3/76

420 mm

900 N

900 N

15°Fs

170 mm

190 mm

180
mm

120
mm

A

C

E

B

D

1500 mm

80 mm 360 mm

30 kg

1640 mm

A

B
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3/73 The smooth homogeneous sphere rests in the 120�

groove and bears against the end plate, which is nor-
mal to the direction of the groove. Determine the
angle �, measured from the horizontal, for which the
reaction on each side of the groove equals the force
supported by the end plate.

Ans. � � 30�

Problem 3/73

3/74 The small tripod-like stepladder is useful for sup-
porting one end of a walking board. If F denotes the
magnitude of the downward load from such a board
(not shown), determine the reaction at each of the
three feet A, B, and C. Neglect friction.

Problem 3/74

A

B

C

E

G

D

F

65°

425 mm

730 mm

365 mm

460 mm

460 mm

480 mm65°

60°

60°

θ
Horizontal

End view
of V-groove
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3/77 The rigid unit of post, bracket, and motor has a mass
of 30 kg with its mass center at G located 300 mm
from the vertical centerline of the post. The post is
welded to the fixed base at A. The motor, which dri-
ves a machine through a flexible shaft, turns in the
direction indicated and delivers a torque of 200 N � m.
In addition, a 200-N force is applied to the bracket as
shown. Determine the vector expressions for the
total force R and moment M applied to the post at A
by the supporting base. (Caution: Be careful to assign
the torque (couple) which acts on the motor shaft in
its correct sense consistent with Newton’s third law.)

Ans. R � 200i � 294k N, M � �61.7j � 15k N � m

Problem 3/77

3/78 Determine the magnitudes of the force R and couple
M exerted by the nut and bolt on the loaded bracket
at O to maintain equilibrium.

Problem 3/78

200 mm

30°

50°

1.6 kN

200 mm

150 mm

O

z

2.4 kN

y
x

z

A

G

y
x

250 mm

75
mm

200 N

300 mm
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3/79 The 220-kg V-8 engine is supported on an engine
stand and rotated 90� from its upright position so
that its center of gravity G is in the position shown.
Determine the vertical reaction at each roller of the
stand. Neglect the weight of the stand itself.

Ans. NA � 1270 N, NB � 156.6 N, NC � 732 N

Problem 3/79

3/80 During a test, the left engine of the twin-engine air-
plane is revved up and a 2-kN thrust is generated.
The main wheels at B and C are braked in order to
prevent motion. Determine the change (compared
with the nominal values with both engines off) in
the normal reaction forces at A, B, and C.

Problem 3/80

T = 2 kN

C

A
B

4 m

2.4 m
2.4 m

2 m

C

A

B

375
mm

375
mm

275
mm

500 mm

850 mm

G
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Problem 3/82

3/83 Gear C drives the V-belt pulley D at a constant
speed. For the belt tensions shown calculate the
gear-tooth force P and the magnitudes of the total
forces supported by the bearings at A and B.

Ans. P � 70.9 N, A � 83.3 N, B � 208 N

Problem 3/83

A

C
D

P

150 mm
100
mm

100
mm

120
mm

160
mm

B

200 N

100 N

20°

Dimensions in millimeters

550

350
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3/81 The 25-kg rectangular access door is held in the 90�

open position by the single prop CD. Determine the
force F in the prop and the magnitude of the force
normal to the hinge axis AB in each of the small
hinges A and B.

Ans. F � 140.5 N, An � 80.6 N, Bn � 95.4 N

Problem 3/81

3/82 One of the three landing pads for a proposed Mars
lander is shown in the figure. As part of a design
check on the distribution of force in the landing
struts, compute the force in each of the struts AC,
BC, and CD when the lander is resting on a horizon-
tal surface on Mars. The arrangement is symmetri-
cal with respect to the x-z plane. The mass of the
lander is 600 kg. (Assume equal support by the pads
and consult Table D/2 in Appendix D as needed.)

A

B

D

C

1000 mm

600 mm

1200 mm

300 mm
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3/84 The spring of modulus k � 900 N/m is stretched a
distance � � 60 mm when the mechanism is in the
position shown. Calculate the force Pmin required to
initiate rotation about the hinge axis BC, and deter-
mine the corresponding magnitudes of the bearing
forces which are perpendicular to BC. What is the
normal reaction force at D if P � Pmin/2?

Problem 3/84

3/85 A force P of 200 N on the handle of the cable reel is
required to wind up the underground cable as it
comes from the manhole. The drum diameter is 1000
mm. For the horizontal position of the crank handle
shown, calculate the magnitudes of the bearing
forces at A and B. Neglect the weight of the drum.

Ans. A � 116.7 N, B � 313 N

Problem 3/85

45 mm

45 mm

40 mm

k = 900 N/m

P
A

B

C

D

55
mm

55
mm

90
mm

135
mm

135
mm

165
mm

1600
150 

600 

300 
1200

A

B

P

x

y

z

45°

Dimensions in millimeters

Art ic le  3/4 Problems 159

3/86 The shaft, lever, and handle are welded together and
constitute a single rigid body. Their combined mass
is 28 kg with mass center at G. The assembly is
mounted in bearings A and B, and rotation is pre-
vented by link CD. Determine the forces exerted on
the shaft by bearings A and B while the 
couple is applied to the handle as shown. Would
these forces change if the couple were applied to the
shaft AB rather than to the handle?

Problem 3/86

3/87 Each of the two legs of the welded frame has a mass
of 50 kg. A wire from C to D prevents the frame from
rotating out of the horizontal plane about an axis
through its bearing at B and its ball-and-socket joint
at A. Calculate the tension T in the wire and the
magnitude of the total force supported by the con-
nection at A.

Ans. T � 1201 N, A � 601 N

Problem 3/87

z

D

C
E

B

A

y

x

2 m 2 m2 m

1 m 2 m

30-N � m

30 N·m

y

x

z

B

A

C

D

450 mm

100 mm

G

200mm 200mm

220
mm

300mm

600
mm

300mm
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3/90 A homogeneous door of mass m, height h, and width
w is leaned against a wall for painting. Small wooden
strips are placed beneath corners A, B, and C. There
is negligible friction at C, but friction at A and B is
sufficient to prevent slipping. Determine the y- and
z-components of the force reactions at A and B and
the force normal to the wall at C.

Problem 3/90

3/91 The upper ends of the vertical coil springs in the
stock racecar can be moved up and down by means
of a screw mechanism not shown. This adjustment
permits a change in the downward force at each
wheel as an optimum handling setup is sought. Ini-
tially, scales indicate the normal forces to be 3600 N,
3600 N, 4500 N, and 4500 N at A, B, C, and D, re-
spectively. If the top of the right rear spring at A is
lowered so that the scale at A reads an additional
450 N, determine the corresponding changes in the
normal forces at B, C, and D. Neglect the effects of
the small attitude changes (pitch and roll angles)
caused by the spring adjustment. The front wheels
are the same distance apart as the rear wheels.

Ans. �NB � �450 N, �NC � 450 N
�ND � � 450 N

B

A

C
D

w

m

h

y

z

x
35°

15°
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3/88 Consider the rudder assembly of a radio-controlled
model airplane. For the 15� position shown in the
figure, the net pressure acting on the left side of the
rectangular rudder area is p � 4(10�5) N/mm2. Deter-
mine the required force P in the control rod DE and
the horizontal components of the reactions at hinges A
and B which are parallel to the rudder surface. As-
sume the aerodynamic pressure to be uniform.

Problem 3/88

3/89 The rigid pole and cross-arms of Prob. 2/105 are
shown again here. Determine the tensions TAE and
TGF in the two supporting cables resulting from the
1.2-kN tension in cable CD. Assume the absence of
any resisting moments on the base of the pole at O
about the x- and y-axes, but not about the z-axis.

Ans. TAE � 4.30 kN, TGF � 3.47 kN

Problem 3/89

T = 1.2 kN

z′

y′

y

x′

x

z

B

C

G

A

E

D

F
1 m

2 m

3 m

1.5 m

1.5 m

1.5 m

1 m

3 m

O

15°

Dimensions in
millimeters

22

10 15°

32 16

B

A
C

D

E
P16

42

12
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Problem 3/91

3/92 A uniform bar of length b and mass m is suspended
at its ends by two wires, each of length b, from
points A and B in the horizontal plane a distance b
apart. A couple M is applied to the bar causing it to
rotate about a vertical axis to the equilibrium posi-
tion shown. Derive an expression for the height h
which it rises from its original equilibrium position
where it hangs freely with no applied moment. What
value of M is required to raise the bar the maximum
amount b?

Problem 3/92

3/93 The boom AB lies in the vertical y-z plane and is sup-
ported by a ball-and-socket joint at B and by the two
cables at A. Calculate the tension in each cable re-
sulting from the 20-kN force acting in the horizontal

b

b

b

A

B

b
M

Simplified spring detail

A

B

C

D
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plane and applied at the midpoint M of the boom.
Neglect the weight of the boom.

Ans. T1 � 33.0 kN, T2 � 22.8 kN

Problem 3/93

3/94 A rectangular sign over a store has a mass of 100 kg,
with the center of mass in the center of the rectan-
gle. The support against the wall at point C may be
treated as a ball-and-socket joint. At corner D sup-
port is provided in the y-direction only. Calculate the
tensions T1 and T2 in the supporting wires, the total
force supported at C, and the lateral force R sup-
ported at D.

Problem 3/94

4 m

1 m

2.5 m

1.5 m

1.5 m

2.5 m

1 m

x

D

B

A

T1 T2

C
y

z

xC

D

T1

T2

B

M

A

y

z

20 kN

10 m

3 m

2 m

2 m

4 m

4 m

20°
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3/96 The vertical plane containing the utility cable turns
30� at the vertical pole OC. The tensions T1 and T2

are both 950 N. In order to prevent long-term lean-
ing of the pole, guy wires AD and BE are utilized. If
the two guy wires are adjusted so as to carry equal
tensions T which together reduce the moment at O
to zero, determine the net horizontal reaction at O.
Determine the required value of T. Neglect the
weight of the pole.

Ans. O � 144.9 N, T � 471 N

Problem 3/96

10°

30°

15°

10°

T2 = 950 N T1 = 950 NB

C

A

D

O

E

OA  = 

y

x

z

 

9 m

OB  = 11 m

OC  = 13 m

OD  = 8 m

OE  = 10 m
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3/95 The uniform rectangular panel ABCD has a mass of
40 kg and is hinged at its corners A and B to the
fixed vertical surface. A wire from E to D keeps
edges BC and AD horizontal. Hinge A can support
thrust along the hinge axis AB, whereas hinge B
supports force normal to the hinge axis only. Find
the tension T in the wire and the magnitude B of the
force supported by hinge B.

Ans. T � 277 N, B � 169.9 N

Problem 3/95

2400 mm

1200 mm

30°

A

B

C

D

T

E

� �
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3/5 CH A P T E R RE V I E W

In Chapter 3 we have applied our knowledge of the properties of
forces, moments, and couples studied in Chapter 2 to solve problems in-
volving rigid bodies in equilibrium. Complete equilibrium of a body re-
quires that the vector resultant of all forces acting on it be zero (ΣF � 0)
and the vector resultant of all moments on the body about a point (or
axis) also be zero (ΣM � 0). We are guided in all of our solutions by
these two requirements, which are easily comprehended physically.

Frequently, it is not the theory but its application which presents
difficulty. The crucial steps in applying our principles of equilibrium
should be quite familiar by now. They are:

1. Make an unequivocal decision as to which system (a body or collec-
tion of bodies) in equilibrium is to be analyzed.

2. Isolate the system in question from all contacting bodies by drawing
its free-body diagram showing all forces and couples acting on the
isolated system from external sources.

3. Observe the principle of action and reaction (Newton’s third law)
when assigning the sense of each force.

4. Label all forces and couples, known and unknown.

5. Choose and label reference axes, always choosing a right-handed set
when vector notation is used (which is usually the case for three-
dimensional analysis).

6. Check the adequacy of the constraints (supports) and match the
number of unknowns with the number of available independent
equations of equilibrium.

When solving an equilibrium problem, we should first check to see
that the body is statically determinate. If there are more supports than
are necessary to hold the body in place, the body is statically indetermi-
nate, and the equations of equilibrium by themselves will not enable us
to solve for all of the external reactions. In applying the equations of
equilibrium, we choose scalar algebra, vector algebra, or graphical
analysis according to both preference and experience; vector algebra is
particularly useful for many three-dimensional problems.

The algebra of a solution can be simplified by the choice of a mo-
ment axis which eliminates as many unknowns as possible or by the
choice of a direction for a force summation which avoids reference to
certain unknowns. A few moments of thought to take advantage of
these simplifications can save appreciable time and effort.

The principles and methods covered in Chapter 2 and 3 constitute
the most basic part of statics. They lay the foundation for what follows
not only in statics but in dynamics as well.
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3/100 The tool shown is used for straightening twisted
members as wooden framing is completed. If the
force P � 150 N is applied to the handle as shown,
determine the normal forces applied to the in-
stalled stud at points A and B. Ignore friction.

Problem 3/100

3/101 The device shown in the figure is useful for lifting
drywall panels into position prior to fastening to
the stud wall. Estimate the magnitude P of the
force required to lift the 25-kg panel. State any
assumptions.

Ans. P � 351 N

Problem 3/101

3/102 The designers of an aircraft landing-gear system
wish to cause the forces in both struts AB and CD
to act along their respective lengths. What angle �
should they specify for strut AB? The weights of
all members are small compared with the forces
which act on the system shown. Treat as two-
dimensional.

36 mm

5°

25 kg

60 mm90 mm

A B

P

C

B

A

P

45 mm

85
mm

360 mm
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REVIEW PROBLEMS

3/97 Calculate the magnitude of the force supported by
the pin at B for the bell crank loaded and supported
as shown.

Ans. B � 240 N

Problem 3/97

3/98 A 50-kg acrobat pedals her unicycle across the taut
but slightly elastic cable. If the deflection at the cen-
ter of the 18-m span is 75 mm, determine the ten-
sion in the cable. Neglect the effects of the weights
of the cable and unicycle.

Problem 3/98

3/99 The uniform 5-m bar with a mass of 100 kg is hinged
at O and prevented from rotating in the vertical
plane beyond the 30� position by the fixed roller at A.
Calculate the magnitude of the total force supported
by the pin at O.

Ans. O � 1769 N

Problem 3/99

O

A

30°

5 m
1 m

0.5 m

75 mm

9 m 9 m

125 mm

50 mm

50 mm

B 

A 

120 N

20 N.m
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Problem 3/102

3/103 A freeway sign measuring 4 m by 2 m is supported
by the single mast as shown. The sign, supporting
framework, and mast together have a mass of 300
kg, with center of mass 3.3 m away from the vertical
centerline of the mast. When the sign is subjected to
the direct blast of a 125-km/h wind, an average
pressure difference of 700 Pa is developed between
the front and back sides of the sign, with the resul-
tant of the wind-pressure forces acting at the center
of the sign. Determine the magnitudes of the force
and moment reactions at the base of the mast. Such
results would be instrumental in the design of the
base.

Ans. R � 6330 N, M � 38.1 kN � m

Problem 3/103

4 m

4.7 m

1.3 m

2 m

z

x

�

560 mm

A

C

B

D

320 mm

35°

180
mm
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3/104 If the weight of the boom is negligible compared
with the applied 30-kN load, determine the cable
tensions T1 and T2 and the force acting at the ball
joint at A.

Problem 3/104

3/105 Magnetic tape under a tension of 10 N at D passes
around the guide pulleys and through the erasing
head at C at constant speed. As a result of a small
amount of friction in the bearings of the pulleys,
the tape at E is under a tension of 11 N. Determine
the tension T in the supporting spring at B. The
plate lies in a horizontal plane and is mounted on a
precision needle bearing at A.

Ans. T � 10.62 N

Problem 3/105

100 mm

A

B

C
E

D

100
mm

50
mm

50
mm

100 mm

All pulleys
have a

radius of
25 mm

30 kN

4 m

4 m

3 m

2 m
3 m

x

z

y

T2

T1

D

C

A

B
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3/107 Determine the tension T required to hold the rec-
tangular solid in the position shown. The 125-kg
rectangular solid is homogeneous. Friction at D is
negligible.

Ans. T � 1053 N

Problem 3/107

3/108 A vertical force P on the foot pedal of the bell crank
is required to produce a tension T of 400 N in the
vertical control rod. Determine the corresponding
bearing reactions at A and B.

Problem 3/108

30°
100
mm

100
mm

60 mm

120 mm

200 mm

T = 400 N

B

x

z
y

A

P

A

B

y

xz
T

D

C

0.3 m

0.4 m

0.4 m

0.125 m

0.5 m
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3/106 The curved arm BC and attached cables AB and AC
support a power line which lies in the vertical y-z
plane. The tangents to the power line at the insula-
tor below A make 15� angles with the horizontal 
y-axis. If the tension in the power line at the insula-
tor is 1.3 kN, calculate the total force supported by
the bolt at D on the pole bracket. The weight of the
arm BC can be neglected compared with the other
forces, and it can be assumed that the bolt at E
supports horizontal force only.

Problem 3/106

z

x

y

B
D, E

Detail of arm attachment

C

A

45°

1.2 m
1.2 m

45°

B

600 mm

160 mm

160 mm
D

E
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3/109 The wind blowing normal to the plane of the rec-
tangular sign exerts a uniform pressure of 175 N/m2

as indicated in the figure. Determine the changes in
the forces exerted at A and B by each support.
There are two symmetrically placed I-beam up-
rights, and the width of the sign is 3 m.

Ans. �A � 1451 N down, �B � 1451 N up

Problem 3/109

3/110 Each of the three uniform 1200-mm bars has a
mass of 20 kg. The bars are welded together into
the configuration shown and suspended by three
vertical wires. Bars AB and BC lie in the horizontal
x-y plane, and the third bar lies in a plane parallel
to the x-z plane. Compute the tension in each wire.

Problem 3/110

1200 mm 600 mm

x
y

z

A

B

C
600 mm

1200 mm
30°

550 mm

BA

1.1 m

1.6 m
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3/111 A wheel of mass m and radius r with its mass cen-
ter G at the geometric center rests in a small de-
pression of width b. Determine the minimum
couple M applied to the wheel at the location
shown in order to roll the wheel out of the depres-
sion. Assume no slipping occurs. What is the influ-
ence of r0, r, and �?

Ans. M = 

Problem 3/111

3/112 The 400-kg boom with center of mass at G is held
in the position shown by a ball-and-socket joint at
O and the two cables AB and AC. Determine the
two cable tensions and the x-, y-, and z-components
of the force reaction at O.

Problem 3/112

x

y

z

C

A

G

55°
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O
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A
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O
—

G
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O
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B
–
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—
C
–
 = 12 m

B

rr0

G
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M

b
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3/115 The L-shaped bar is supported by a ball-and-socket
joint at O [case (a)] and the two cables as shown.
Explain why this configuration is improperly con-
strained. (b) The ball-and-socket joint is now re-
placed by the universal joint which can support, in
addition to three force reactions, a moment about
the y-axis but no moments about the x- and z-axes.
Plot the two cable tensions, the magnitude of the
force reaction at O, and the moment reaction at O
as functions of the position x of the 50-kg cylinder
over the range 0.15 � x � 1.35 m. Explain any un-
usual characteristics of these plots. Neglect the
weight of the bar throughout.

Ans. TAD � 1019 N, TBC � 628 N 
O � 1488 N, all constant

Problem 3/115

z

x
yx

O

O

C

D

A

B
E

2.1 m 1.5 m

0.3
m

0.6 m

50 kg

1.2 m

(a)

(b)

1.8 m

MOy
 � �490x � 368 N � m
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3/113 The stand is used for storing and dispensing cable.
The combined mass of the stand, reel, and cable is
150 kg with center of mass at G. Determine the nor-
mal forces at all four feet (A, B, C, and D) if (a) the
cable comes off at the top of the reel and (b) the cable
comes off at the bottom of the reel. Note that the
cable departs the reel at its horizontal midpoint in
both cases. The effective radius of the reel is 150 mm.

Ans. (a) NA � ND � 214 N, NB � NC � 492 N
(b) NA � ND � 271 N, NB � NC � 436 N

Problem 3/113

3/114 The drum and shaft are welded together and have
a mass of 50 kg with mass center at G. The shaft is
subjected to a torque (couple) of and the
drum is prevented from rotating by the cord
wrapped securely around it and attached to point
C. Calculate the magnitudes of the forces sup-
ported by bearings A and B.

Problem 3/114

200

120 N·m
100

180

240

G

C

B

A

200
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140
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C

E
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15°
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(a)
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*Computer-Oriented Problems

*3/116 Determine and plot the tension ratio T/mg re-
quired to hold the uniform slender bar in equilib-
rium for any angle � from just above zero to just
under 45�. The bar AB of mass m is uniform.

Problem 3/116

*3/117 The jib crane is designed for a maximum capacity
of 10 kN, and its uniform I-beam has a mass of
200 kg. (a) Plot the magnitude R of the force on
the pin at A as a function of x through its operat-
ing range of x � 0.2 m to x � 3.8 m. On the same
set of axes, plot the x- and y-components of the pin
reaction at A. (b) Determine the minimum value
of R and the corresponding value of x. (c) For
what value of R should the pin at A be designed?
(Use g � 10 m/s2.)

Ans. (a)
(b)
(c)

Problem 3/117

30°

10 kN

3 m1 m

A

y

x

x

Rmax � 24.3 kN at x � 3.8 m
Rmin � 10.39 kN at  x � 0.5 m
R � 13 {400x2 � 400x � 1072}1/2

C

m
B

A

T

15°

30°

�
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*3/118 Two traffic signals are attached to the 10.8-m sup-
port cable at equal intervals as shown. Determine
the equilibrium configuration angles �, �, and �,
as well as the tension in each cable segment.

Problem 3/118

*3/119 The two traffic signals of Prob. 3/118 are now
repositioned so that segment BC of the 10.8-m
support cable is 3 m in length and is horizontal.
Specify the necessary lengths AB and CD and the
tensions in all three cable segments.

Ans. 

Problem 3/119

A D

10.5 m

3 m

C

100 kg

B

50 kg

 TAB � 2470 N, TBC � 2420 N,  TCD � 2610 N
 AB � 5.10 m, CD � 2.70 m

A D

CB

10.5 m

3.6 m
3.6 m

50 kg

3.6 m

100 kg

α γβ

c03.qxd  11/6/07  3:27 PM  Page 169



Problem 3/121

*3/122 The mass center of the 10-kg arm OC is located
at G, and the spring of constant k � 1.2 kN/m is
unstretched when � � 0. Plot the applied mo-
ment M required for static equilibrium over the
range 0 � � � 180�. Determine the value of � for
which M � 0 (if any) and the minimum and max-
imum values of M along with the corresponding
values of � at which these extremes occur. The
motion of this mechanism occurs in a vertical
plane. Take M to be positive when counterclock-
wise. The value of m2 is 3 kg.

Problem 3/122

m1

m2

C

D

A

G

O

M k = 2 kN/m

θ

OG = 150 mm
OA = 250 mm
OC = 360 mm
OD = 480 mm
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*3/120 The vertical position of the two 20-kg cylinders
is controlled by the torque M applied to the cen-
tral shaft. The cords attached to the ends of the
arms pass through smooth holes in a fixed sur-
face at A and B. Plot M as a function of � from 
� � 0� to � � 180�. Determine the maximum
value of M and the corresponding value of �.
Take g � 10 m/s2 for your calculations.

Problem 3/120

*3/121 The horizontal boom is supported by the cables
AB and CD and by a ball-and-socket joint at O. To
determine the influence on the reaction at O of
the position of the vertical load L along the boom,
we may neglect the weight of the boom. If R repre-
sents the magnitude of the total force at O, deter-
mine by calculus the minimum ratio R/L and the
corresponding value of x. Then write a computer
program for R/L and plot the results for 0 � x � 6 m
as a check on your calculations.

Ans.
(R/L)min � 0.951 at x � 0.574 m

R/L � �47x2/162 � x/3 � 1

20 kg

20 kg

�

�

300 mm

300 mm

M
A

B

300 mm

z

O

A
C

B

D

y

x

L

6 m

x

4 m

3 m

3 m

2 m
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*3/123 The basic features of a small backhoe are shown
in the illustration. Member BE (complete with hy-
draulic cylinder CD and bucket-control links DF
and DE) has a mass of 200 kg with mass center at
G1. The bucket and its load of clay have a mass of
140 kg with mass center at G2. To disclose the op-
erational design characteristics of the backhoe, de-
termine and plot the force T in the hydraulic
cylinder AB as a function of the angular position �
of member BE over the range 0 � � � 90�. For
what value of � is the force T equal to zero? Mem-
ber OH is fixed for this exercise; note that its con-
trolling hydraulic cylinder (hidden) extends from
near point O to pin I. Similarly, the bucket-control
hydraulic cylinder CD is held at a fixed length.

Ans. T � 0 at � � 1.729�

Problem 3/123

*3/124 The system of Prob. 3/107 is shown again here,
only now the 125-kg homogeneous rectangular
solid is depicted as having rotated an angle �

about the hinge axis AB. Determine and plot the
following quantities as functions of � over the
range 0 � � � 60�: T, Ay, Az, Bx, By, and Bz. The
hinge at A cannot exert an axial thrust. Assume all
hinge force components to be in the positive coor-
dinate directions.

600

850

100
300

450

800

300

A

B

C

D
F

E

G2

G1

H

I

O

θ

Dimensions in millimeters
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Problem 3/124

*3/125 The vertical pole, utility cable, and two guy wires
from Prob. 3/96 are shown again here. As part of a
design study, the following conditions are consid-
ered. The tension T2 is a constant 1000 N, and its
10� angle is fixed. The 10� angle for T1 is also fixed,
but the magnitude of T1 is allowed to vary from 0 to
2000 N. For each value of T1, determine and plot
the magnitude of the equal tensions T in cables AD
and BE and the angle � for which the moment at O
will be zero. State the values of T and � for T1 �

1000 N.
Ans. T � 495 N, � � 15�

Problem 3/125

10°

30°

10°

T2
T1

B

C

A

D

O

E

OA  = 

y

x

z

 

9 m

OB  = 11 m

OC  = 13 m

OD  = 8 m

OE  = 10 m

�

T
x

z

y
BD

C

A

0.5 m

0.3 m

0.4 m

0.4 m

0.125 m

θ
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