
When forces are continuously distributed over a region of a structure, the cumulative effect of this
distribution must be determined. The designers of high-performance sailboats consider both air-
pressure distributions on the sails and water-pressure distributions on the hull.
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5 DISTRIBUTED
FORCES

5/1 IN T R O D U C T I O N

In the previous chapters we treated all forces as concentrated along
their lines of action and at their points of application. This treatment
provided a reasonable model for those forces. Actually, “concentrated”
forces do not exist in the exact sense, since every external force applied
mechanically to a body is distributed over a finite contact area, however
small.

The force exerted by the pavement on an automobile tire, for in-
stance, is applied to the tire over its entire area of contact, Fig. 5/1a,
which may be appreciable if the tire is soft. When analyzing the forces
acting on the car as a whole, if the dimension b of the contact area is
negligible compared with the other pertinent dimensions, such as the
distance between wheels, then we may replace the actual distributed
contact forces by their resultant R treated as a concentrated force. Even
the force of contact between a hardened steel ball and its race in a
loaded ball bearing, Fig. 5/1b, is applied over a finite though extremely
small contact area. The forces applied to a two-force member of a truss,
Fig. 5/1c, are applied over an actual area of contact of the pin against
the hole and internally across the cut section as shown. In these and
other similar examples we may treat the forces as concentrated when
analyzing their external effects on bodies as a whole.
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If, on the other hand, we want to find the distribution of internal
forces in the material of the body near the contact location, where the
internal stresses and strains may be appreciable, then we must not
treat the load as concentrated but must consider the actual distribution.
This problem will not be discussed here because it requires a knowledge
of the properties of the material and belongs in more advanced treat-
ments of the mechanics of materials and the theories of elasticity and
plasticity.

When forces are applied over a region whose dimensions are not
negligible compared with other pertinent dimensions, then we must ac-
count for the actual manner in which the force is distributed. We do
this by summing the effects of the distributed force over the entire re-
gion using mathematical integration. This requires that we know the
intensity of the force at any location. There are three categories of such
problems.

(1) Line Distribution. When a force is distributed along a line, as in
the continuous vertical load supported by a suspended cable, Fig. 5/2a,
the intensity w of the loading is expressed as force per unit length of
line, newtons per meter (N/m) or pounds per foot (lb/ft).

(2) Area Distribution. When a force is distributed over an area, as
with the hydraulic pressure of water against the inner face of a section
of dam, Fig. 5/2b, the intensity is expressed as force per unit area. This
intensity is called pressure for the action of fluid forces and stress for the
internal distribution of forces in solids. The basic unit for pressure or
stress in SI is the newton per square meter (N/m2), which is also called
the pascal (Pa). This unit, however, is too small for most applications
(6895 Pa � 1 lb/in.2). The kilopascal (kPa), which equals 103 Pa, is more
commonly used for fluid pressure, and the megapascal, which equals 106

Pa, is used for stress. In the U.S. customary system of units, both fluid
pressure and mechanical stress are commonly expressed in pounds per
square inch (lb/in.2).

(3) Volume Distribution. A force which is distributed over the vol-
ume of a body is called a body force. The most common body force is the
force of gravitational attraction, which acts on all elements of mass in a
body. The determination of the forces on the supports of the heavy can-
tilevered structure in Fig. 5/2c, for example, would require accounting
for the distribution of gravitational force throughout the structure. The
intensity of gravitational force is the specific weight �g, where � is the
density (mass per unit volume) and g is the acceleration due to gravity.
The units for �g are (kg/m3)(m/s2) � N/m3 in SI units and lb/ft3 or lb/in.3

in the U.S. customary system.
The body force due to the gravitational attraction of the earth

(weight) is by far the most commonly encountered distributed force.
Section A of this chapter treats the determination of the point in a body
through which the resultant gravitational force acts, and discusses the
associated geometric properties of lines, areas, and volumes. Section B
treats distributed forces which act on and in beams and flexible cables
and distributed forces which fluids exert on exposed surfaces.
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SECTION A CENTERS OF MASS AND CENTROIDS

Art ic le  5/2 Center  of  Mass 237

w
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Figure 5/2

5/2 CE N T E R O F MA S S

Consider a three-dimensional body of any size and shape, having
a mass m. If we suspend the body, as shown in Fig. 5/3, from any
point such as A, the body will be in equilibrium under the action of
the tension in the cord and the resultant W of the gravitational forces
acting on all particles of the body. This resultant is clearly collinear
with the cord. Assume that we mark its position by drilling a hypo-
thetical hole of negligible size along its line of action. We repeat the
experiment by suspending the body from other points such as B and
C, and in each instance we mark the line of action of the resultant
force. For all practical purposes these lines of action will be concur-
rent at a single point G, which is called the center of gravity of the
body.

An exact analysis, however, would account for the slightly differing
directions of the gravity forces for the various particles of the body, be-
cause those forces converge toward the center of attraction of the earth.
Also, because the particles are at different distances from the earth, the
intensity of the force field of the earth is not exactly constant over the
body. As a result, the lines of action of the gravity-force resultants in 
the experiments just described will not be quite concurrent, and there-
fore no unique center of gravity exists in the exact sense. This is of no
practical importance as long as we deal with bodies whose dimensions
are small compared with those of the earth. We therefore assume a uni-
form and parallel force field due to the gravitational attraction of the
earth, and this assumption results in the concept of a unique center of
gravity.

Determining the Center of Gravity

To determine mathematically the location of the center of gravity of
any body, Fig. 5/4a, we apply the principle of moments (see Art. 2/6) to
the parallel system of gravitational forces. The moment of the resultant
gravitational force W about any axis equals the sum of the moments

A B A

A

B B
C

GC CG

W

(a) (b) (c)

W W

Figure 5/3
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about the same axis of the gravitational forces dW acting on all particles
treated as infinitesimal elements of the body. The resultant of the gravi-
tational forces acting on all elements is the weight of the body and is
given by the sum W � � dW. If we apply the moment principle about the
y-axis, for example, the moment about this axis of the elemental weight
is x dW, and the sum of these moments for all elements of the body is 
� x dW. This sum of moments must equal the moment of the sum.
Thus, � � x dW.

With similar expressions for the other two components, we may ex-
press the coordinates of the center of gravity G as

(5/1a)

To visualize the physical moments of the gravity forces appearing in the
third equation, we may reorient the body and attached axes so that the
z-axis is horizontal. It is essential to recognize that the numerator of
each of these expressions represents the sum of the moments, whereas
the product of W and the corresponding coordinate of G represents the
moment of the sum. This moment principle finds repeated use through-
out mechanics.

With the substitution of W � mg and dW � g dm, the expressions
for the coordinates of the center of gravity become

(5/1b)

Equations 5/1b may be expressed in vector form with the aid of Fig.
5/4b, in which the elemental mass and the mass center G are located by

x � 
�  x dm

m   y � 
�  y dm

m   z � 
�  z dm

m

x � 
�x dW

W
  y � 

�  y dW

W
  z � 

�  z dW

W

xW
W x,
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their respective position vectors r � xi � yj � zk and �

Thus, Eqs. 5/1b are the components of the single vector equation

(5/2)

The density � of a body is its mass per unit volume. Thus, the mass
of a differential element of volume dV becomes dm � � dV. If � is not
constant throughout the body but can be expressed as a function of the
coordinates of the body, we must account for this variation when calcu-
lating the numerators and denominators of Eqs. 5/1b. We may then
write these expressions as

(5/3)

Center of Mass versus Center of Gravity

Equations 5/1b, 5/2, and 5/3 are independent of gravitational effects
since g no longer appears. They therefore define a unique point in the
body which is a function solely of the distribution of mass. This point is
called the center of mass, and clearly it coincides with the center of grav-
ity as long as the gravity field is treated as uniform and parallel.

It is meaningless to speak of the center of gravity of a body which is
removed from the gravitational field of the earth, since no gravitational
forces would act on it. The body would, however, still have its unique
center of mass. We will usually refer henceforth to the center of mass
rather than to the center of gravity. Also, the center of mass has a spe-
cial significance in calculating the dynamic response of a body to unbal-
anced forces. This class of problems is discussed at length in Vol. 2
Dynamics.

In most problems the calculation of the position of the center of
mass may be simplified by an intelligent choice of reference axes. In gen-
eral the axes should be placed so as to simplify the equations of the
boundaries as much as possible. Thus, polar coordinates will be useful
for bodies with circular boundaries.

Another important clue may be taken from considerations of sym-
metry. Whenever there exists a line or plane of symmetry in a homoge-
neous body, a coordinate axis or plane should be chosen to coincide with
this line or plane. The center of mass will always lie on such a line or
plane, since the moments due to symmetrically located elements will al-
ways cancel, and the body may be considered composed of pairs of these
elements. Thus, the center of mass G of the homogeneous right-circular
cone of Fig. 5/5a will lie somewhere on its central axis, which is a line of
symmetry. The center of mass of the half right-circular cone lies on its
plane of symmetry, Fig. 5/5b. The center of mass of the half ring in Fig.
5/5c lies in both of its planes of symmetry and therefore is situated on

x � 
�  x� dV

�  � dV
  y � 

�  y� dV

�  � dV
  z � 

�  z� dV

�  � dV

r � 
�  r dm

m

x i � y j � z k.r
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line AB. It is easiest to find the location of G by using symmetry when it
exists.

5/3 CE N T R O I D S O F L I N E S ,  AR E A S ,  A N D VO L U M E S

When the density � of a body is uniform throughout, it will be a
constant factor in both the numerators and denominators of Eqs. 5/3
and will therefore cancel. The remaining expressions define a purely
geometrical property of the body, since any reference to its mass prop-
erties has disappeared. The term centroid is used when the calculation
concerns a geometrical shape only. When speaking of an actual physical
body, we use the term center of mass. If the density is uniform through-
out the body, the positions of the centroid and center of mass are iden-
tical, whereas if the density varies, these two points will, in general, not
coincide.

The calculation of centroids falls within three distinct categories,
depending on whether we can model the shape of the body involved as a
line, an area, or a volume.

(1) Lines. For a slender rod or wire of length L, cross-sectional area
A, and density �, Fig. 5/6, the body approximates a line segment, and 
dm � �A dL. If � and A are constant over the length of the rod, the coor-
dinates of the center of mass also become the coordinates of the centroid
C of the line segment, which, from Eqs. 5/1b, may be written

(5/4)

Note that, in general, the centroid C will not lie on the line. If the rod
lies on a single plane, such as the x-y plane, only two coordinates need to
be calculated.

(2) Areas. When a body of density � has a small but constant thick-
ness t, we can model it as a surface area A, Fig. 5/7. The mass of an ele-
ment becomes dm � �t dA. Again, if � and t are constant over the entire
area, the coordinates of the center of mass of the body also become the
coordinates of the centroid C of the surface area, and from Eqs. 5/1b the
coordinates may be written

(5/5)

The numerators in Eqs. 5/5 are called the first moments of area.* If the
surface is curved, as illustrated in Fig. 5/7 with the shell segment, all
three coordinates will be involved. The centroid C for the curved sur-
face will in general not lie on the surface. If the area is a flat surface in,

x � 
�  x dA

A
  y � 

�  y dA

A
  z � 

�  z dA

A

x � 
�  x dL

L
  y � 

�  y dL

L
  z � 

�  z dL

L
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*Second moments of areas (moments of first moments) appear later in our discussion of
area moments of inertia in Appendix A.
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say, the x-y plane, only the coordinates of C in that plane need to be
calculated.

(3) Volumes. For a general body of volume V and density �, the ele-
ment has a mass dm � � dV. The density � cancels if it is constant over
the entire volume, and the coordinates of the center of mass also become
the coordinates of the centroid C of the body. From Eqs. 5/3 or 5/1b they
become

(5/6)

Choice of Element for Integration

The principal difficulty with a theory often lies not in its concepts
but in the procedures for applying it. With mass centers and centroids
the concept of the moment principle is simple enough; the difficult steps
are the choice of the differential element and setting up the integrals.
The following five guidelines will be useful.

(1) Order of Element. Whenever possible, a first-order differential
element should be selected in preference to a higher-order element so
that only one integration will be required to cover the entire figure.
Thus, in Fig. 5/8a a first-order horizontal strip of area dA � l dy will re-
quire only one integration with respect to y to cover the entire figure.
The second-order element dx dy will require two integrations, first with
respect to x and second with respect to y, to cover the figure. As a further
example, for the solid cone in Fig. 5/8b we choose a first-order element in
the form of a circular slice of volume dV � �r2 dy. This choice requires
only one integration, and thus is preferable to choosing a third-order ele-
ment dV � dx dy dz, which would require three awkward integrations.

(2) Continuity. Whenever possible, we choose an element which can
be integrated in one continuous operation to cover the figure. Thus, the
horizontal strip in Fig. 5/8a would be preferable to the vertical strip in
Fig. 5/9, which, if used, would require two separate integrals because of
the discontinuity in the expression for the height of the strip at x � x1.

(3) Discarding Higher-Order Terms. Higher-order terms may al-
ways be dropped compared with lower-order terms (see Art. 1/7). Thus,
the vertical strip of area under the curve in Fig. 5/10 is given by the

x � 
�  x dV

V
  y � 

�  y dV

V
  z � 

�  z dV

V
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first-order term dA � y dx, and the second-order triangular area 
is discarded. In the limit, of course, there is no error.

(4) Choice of Coordinates. As a general rule, we choose the coordi-
nate system which best matches the boundaries of the figure. Thus, the
boundaries of the area in Fig. 5/11a are most easily described in rectan-
gular coordinates, whereas the boundaries of the circular sector of Fig.
5/11b are best suited to polar coordinates.

(5) Centroidal Coordinate of Element. When a first- or second-
order differential element is chosen, it is essential to use the coordinate
of the centroid of the element for the moment arm in expressing the mo-
ment of the differential element. Thus, for the horizontal strip of area in
Fig. 5/12a, the moment of dA about the y-axis is xc dA, where xc is the 
x-coordinate of the centroid C of the element. Note that xc is not the x
which describes either boundary of the area. In the y-direction for this
element the moment arm yc of the centroid of the element is the same,
in the limit, as the y-coordinates of the two boundaries.

As a second example, consider the solid half-cone of Fig. 5/12b with
the semicircular slice of differential thickness as the element of volume.
The moment arm for the element in the x-direction is the distance xc to
the centroid of the face of the element and not the x-distance to the
boundary of the element. On the other hand, in the z-direction the mo-
ment arm zc of the centroid of the element is the same as the z-coordinate
of the element.

With these examples in mind, we rewrite Eqs. 5/5 and 5/6 in the form

(5/5a)x � 
�  xc dA

A
  y � 

�  yc dA

A
  z � 

�  zc dA

A

1
2dx dy
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and

(5/6a)

It is essential to recognize that the subscript c serves as a reminder that
the moment arms appearing in the numerators of the integral expres-
sions for moments are always the coordinates of the centroids of the
particular elements chosen.

At this point you should be certain to understand clearly the princi-
ple of moments, which was introduced in Art. 2/4. You should recognize
the physical meaning of this principle as it is applied to the system of
parallel weight forces depicted in Fig. 5/4a. Keep in mind the equiva-
lence between the moment of the resultant weight W and the sum (inte-
gral) of the moments of the elemental weights dW, to avoid mistakes in
setting up the necessary mathematics. Recognition of the principle of
moments will help in obtaining the correct expression for the moment
arm xc, yc, or zc of the centroid of the chosen differential element.

Keeping in mind the physical picture of the principle of moments,
we will recognize that Eqs. 5/4, 5/5, and 5/6, which are geometric rela-
tionships, are descriptive also of homogeneous physical bodies, because
the density � cancels. If the density of the body in question is not con-
stant but varies throughout the body as some function of the coordi-
nates, then it will not cancel from the numerator and denominator of
the mass-center expressions. In this event, we must use Eqs. 5/3 as ex-
plained earlier.

Sample Problems 5/1 through 5/5 which follow have been carefully
chosen to illustrate the application of Eqs. 5/4, 5/5, and 5/6 for calculat-
ing the location of the centroid for line segments (slender rods), areas
(thin flat plates), and volumes (homogeneous solids). The five integra-
tion considerations listed above are illustrated in detail in these sample
problems.

Section C/10 of Appendix C contains a table of integrals which in-
cludes those needed for the problems in this and subsequent chapters. A
summary of the centroidal coordinates for some of the commonly used
shapes is given in Tables D/3 and D/4, Appendix D.

x � 
�  xc dV

V
  y � 

�  yc dV

V
  z � 

�  zc dV

V
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Sample Problem 5/1

Centroid of a circular arc. Locate the centroid of a circular arc as shown in
the figure.

Solution. Choosing the axis of symmetry as the x-axis makes � 0. A differ-
ential element of arc has the length dL � r d� expressed in polar coordinates,
and the x-coordinate of the element is r cos �.

Applying the first of Eqs. 5/4 and substituting L � 2�r give

Ans.

For a semicircular arc 2� � �, which gives � 2r/�. By symmetry we see
immediately that this result also applies to the quarter-circular arc when the
measurement is made as shown.

Helpful Hint

� It should be perfectly evident that polar coordinates are preferable to rectan-
gular coordinates to express the length of a circular arc.

x

 x � r sin �
�

 2�rx � 2r2 sin �

 (2�r)x � ��

��
 (r cos �) r d�[Lx � �  x dL]

y
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α
α

C

r

C C

x

y
r cos θ

r dθ
dθ

α

α

θ

rr

2r/π

y

x

h

b
x

y

dy

Helpful Hint

� We save one integration here by
using the first-order element of area.
Recognize that dA must be expressed
in terms of the integration variable
y; hence, x � ƒ(y) is required.

Sample Problem 5/2

Centroid of a triangular area. Determine the distance from the base of a
triangle of altitude h to the centroid of its area.

Solution. The x-axis is taken to coincide with the base. A differential strip of
area dA � x dy is chosen. By similar triangles x/(h � y) � b/h. Applying the sec-
ond of Eqs. 5/5a gives

and Ans.

This same result holds with respect to either of the other two sides of the
triangle considered a new base with corresponding new altitude. Thus, the cen-
troid lies at the intersection of the medians, since the distance of this point from
any side is one-third the altitude of the triangle with that side considered the
base.

 y � h
3

 bh
2

 y � �h

0
 y 

b(h � y)
h

 dy � bh2

6
[Ay � �  yc dA]

h

�

�
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Sample Problem 5/3

Centroid of the area of a circular sector. Locate the centroid of the area
of a circular sector with respect to its vertex.

Solution I. The x-axis is chosen as the axis of symmetry, and is therefore
automatically zero. We may cover the area by moving an element in the form of
a partial circular ring, as shown in the figure, from the center to the outer pe-
riphery. The radius of the ring is r0 and its thickness is dr0, so that its area is
dA � 2r0� dr0.

The x-coordinate to the centroid of the element from Sample Problem 5/1 is
xc � r0 sin �/�, where r0 replaces r in the formula. Thus, the first of Eqs. 5/5a
gives

Ans.

Solution II. The area may also be covered by swinging a triangle of differential
area about the vertex and through the total angle of the sector. This triangle,
shown in the illustration, has an area dA � (r/2)(r d�), where higher-order terms
are neglected. From Sample Problem 5/2 the centroid of the triangular element
of area is two-thirds of its altitude from its vertex, so that the x-coordinate to the
centroid of the element is xc � cos �. Applying the first of Eqs. 5/5a gives

and as before Ans.

For a semicircular area 2� � �, which gives � 4r/3�. By symmetry we see
immediately that this result also applies to the quarter-circular area where the
measurement is made as shown.

It should be noted that, if we had chosen a second-order element r0 dr0 d�,
one integration with respect to � would yield the ring with which Solution I
began. On the other hand, integration with respect to r0 initially would give the
triangular element with which Solution II began.

x

 x � 2
3

 r sin �
�

 r2�x � 23r3 sin �

 (r2�)x � ��

��
 (23 r cos �)(12 r2 d�)[Ax � �  xc dA]

2
3 

r

 x � 2
3

 r sin �
�

 r2�x � 23r 

3 sin �

 2�
2�

 (�r2)x � � r

0
 �r0 sin �

� �(2r0� dr0)[Ax � �  xc dA]

y

Art ic le  5/3 Centroids of  L ines ,  Areas ,  and Volumes 245

C

r

α
α

r

y

dr0

x
r0α

α
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α
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Solution I

Helpful Hints

� Note carefully that we must distin-
guish between the variable r0 and
the constant r.

� Be careful not to use r0 as the cen-
troidal coordinate for the element.

x

r

y

α
θ

dθ

α

C
C

rr

π4r/3

xc = r cos θ2–
3

Solution II

�

�
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Sample Problem 5/4

Locate the centroid of the area under the curve x � ky3 from x � 0 to x � a.

Solution I. A vertical element of area dA � y dx is chosen as shown in the fig-
ure. The x-coordinate of the centroid is found from the first of Eqs. 5/5a. Thus,

Substituting y � (x/k)1/3 and k � a/b3 and integrating give

Ans.

In the solution for from the second of Eqs. 5/5a, the coordinate to the
centroid of the rectangular element is yc � y/2, where y is the height of the strip
governed by the equation of the curve x � ky3. Thus, the moment principle be-
comes

Substituting y � b(x/a)1/3 and integrating give

Ans.

Solution II. The horizontal element of area shown in the lower figure may be
employed in place of the vertical element. The x-coordinate to the centroid of the
rectangular element is seen to be xc � x � � (a � x)/2, which is simply
the average of the coordinates a and x of the ends of the strip. Hence,

The value of is found from

where yc � y for the horizontal strip. The evaluation of these integrals will check
the previous results for and y.x

y �b

0
 (a � x) dy � �b

0
 y(a � x) dy[Ay � �  yc dA]

y

x �b

0
 (a � x) dy � �b

0
 �a � x

2 �(a � x) dy[Ax � �  xc dA]

1
2(a � x)

3ab
4

 y � 3ab2

10
  y � 25 

b

3ab
4

 y � �a

0
 �y

2�y dx[Ay � �  yc dA]

y

3ab
4

 x � 3a2b
7

  x � 47a

x �a

0
 y dx � �a

0
 xy dx[Ax � �  xc dA]
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y

x = ky3

a

b

x

–x

–y

C

y

x = ky3

x a

y

b

x
dx

yc =
y
–
2

y

x = ky3

x

a

y

b

x

a – x

dy

xc =
a + x––––

2

Helpful Hint

� Note that xc � x for the vertical
element.

�
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Sample Problem 5/5

Hemispherical volume. Locate the centroid of the volume of a hemisphere
of radius r with respect to its base.

Solution I. With the axes chosen as shown in the figure, � � 0 by symme-
try. The most convenient element is a circular slice of thickness dy parallel to
the x-z plane. Since the hemisphere intersects the y-z plane in the circle y2 � z2 �

r2, the radius of the circular slice is z � The volume of the elemental
slice becomes

The second of Eqs. 5/6a requires

where yc � y. Integrating gives

Ans.

Solution II. Alternatively we may use for our differential element a cylindrical
shell of length y, radius z, and thickness dz, as shown in the lower figure. By ex-
panding the radius of the shell from zero to r, we cover the entire volume. By
symmetry the centroid of the elemental shell lies at its center, so that yc � y/2.
The volume of the element is dV � (2�z dz)(y). Expressing y in terms of z from
the equation of the circle gives y � Using the value of computed
in Solution I for the volume of the hemisphere and substituting in the second of
Eqs. 5/6a give us

Ans.

Solutions I and II are of comparable use since each involves an element of
simple shape and requires integration with respect to one variable only.

Solution III. As an alternative, we could use the angle � as our variable with
limits of 0 and �/2. The radius of either element would become r sin �, whereas
the thickness of the slice in Solution I would be dy � (r d�) sin � and that of the
shell in Solution II would be dz � (r d�) cos �. The length of the shell would be 
y � r cos �.

 y � 38 

r

 � � r

0
 �(r2z � z3) dz � �r4

4

 (23�r3)y � � r

0
 
�r2 � z2

2
 (2�z�r2 � z2) dz[V  y � �  yc dV]

2
3 

�r3��r2 � z2.

2
3�

 

r3
 y � 14�r4   y � 38 

r

y � r

0
 �(r2 � y2) dy � � r

0
 y�(r2 � y2) dy[V y � �  yc dV]

dV � �(r2 � y2) dy

��r2 � y2.

zx
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z

y2 + z2 = r2

yc = y

y

x
dy

dz

r

z

z

yc = y/2

y

y

r

y

z

r

x

r dθ

θ

dθ

Solution I

Solution II

Solution III

z

Helpful Hint

� Can you identify the higher-order el-
ement of volume which is omitted
from the expression for dV?

�
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5/3 Specify the x- and z-coordinates of the center of mass
of the semicylindrical shell.

Ans. � �120 mm, � 43.6 mm

Problem 5/3

5/4 Specify the x-, y-, and z-coordinates of the mass center
of the quadrant of the homogeneous solid cylinder.

Problem 5/4

5/5 Determine the y-coordinate of the centroid of the area
by direct integration.

Ans.

Problem 5/5

R/2

y

x

R

y � 14R
9�

240 mm
z

x

y

120
mm

240 mm

120
mm

x
y

z

zx
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PROBLEMS

Introductory Problems

5/1 Place your pencil on the position of your best visual
estimate of the centroid of the triangular area. Check
the horizontal position of your estimate by referring
to the results of Sample Problem 5/2.

Problem 5/1

5/2 With your pencil make a dot on the position of your
best visual estimate of the centroid of the area of the
circular sector. Check your estimate by using the re-
sults of Sample Problem 5/3.

Problem 5/2

0

r

2

4

6

8

30° 30°

0

2

4

6

8

10

12

14

16

0 2 4 6 8 10 12 14 16
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5/6 Determine the coordinates of the centroid of the
shaded area.

Problem 5/6

5/7 Determine the y-coordinate of the centroid of the area
under the sine curve shown.

Ans.

Problem 5/7

5/8 Determine the coordinates of the centroid of the
shaded area.

Problem 5/8

y

a

b

x = ky2

x

b

a

y

y = a sin

x

  x—–
b

π

y � �a
8

y

a

b

x = ky2

x
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5/9 By direct integration, determine the coordinates of
the centroid of the trapezoidal area.

Ans. � 2.35, 

Problem 5/9

5/10 Find the distance from the vertex of the right-
circular cone to the centroid of its volume.

Problem 5/10

5/11 Determine the x- and y-coordinates of the centroid of
the trapezoidal area.

Ans. ’

Problem 5/11

x

y

b

h

a

y � 
h(2a � b)
3(a � b)

x � a
2 � b2 � ab
3(a � b)

C
h

z–

z

y

x

Slope = 0.3

Slope = 0.6

5

0
0 5

y � 3.56x
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5/15 The mass per unit length of the slender rod varies
with position according to � � �0(1 � x/2), where x is
in meters. Determine the location of the center of
mass of the rod.

Ans.

Problem 5/15

5/16 Determine the coordinates of the centroid of the
shaded area.

Problem 5/16

5/17 Calculate the coordinates of the centroid of the seg-
ment of the circular area.

Ans.

Problem 5/17

y

x

a

x � y � 2a
3(� � 2)

x

y = kx2b

b

y

x 1 m

x � 49 m
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5/12 Determine the x- and y-coordinates of the centroid of
the shaded area.

Problem 5/12

Representative Problems

5/13 Locate the centroid of the shaded area.
Ans. � 2a/5, � 3b/8

Problem 5/13

5/14 Locate the centroid of the shaded area shown.

Problem 5/14

x

y

0

– 3

– 4

– 4y =

3

x2
–––
4

x
a

b

y

x = a 1 –( )y2
—–
b2

yx

x

y = 1 +
x3
—
6

10

1

0 2

y
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5/18 Determine the x-coordinate of the mass center of the
tapered steel rod of length L where the diameter at
the large end is twice the diameter at the small end.

Problem 5/18

5/19 Determine the y-coordinate of the centroid of the
shaded area.

Ans.

Problem 5/19

5/20 Let c l � and determine the x- and y-coordinates of
the centroid of the shaded area.

Problem 5/20

5/21 Determine the x- and y-coordinates of the centroid of
the shaded area shown.

Ans. , y � b

3��
2

 �1�
x � a

3��
2

 � 1�

y

y = ae–bx

a

c0
0 x

b /2

b

b
x

x = y2/b

0
0

y

y � b
2

x
Ly

Dia. = D

Dia. = 2D
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Problem 5/21

5/22 Determine the y-coordinate of the centroid of the
shaded area.

Problem 5/22

5/23 Use the results of Sample Problem 5/3 to compute
the coordinates of the mass center of the portion of
the solid homogeneous cylinder shown.

Ans. � �8.49 mm, � 50 mm

Problem 5/23

100 mm

z

x
y

60 mm

zx � y

y

x = ky2b

a

b

b

x

x

b

a

y

+ = 1
x2
—
a2

y2
—
b2
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5/27 Determine the y-coordinate of the centroid of the
shaded area.

Ans.

Problem 5/27

5/28 Locate the centroid of the area shown in the figure
by direct integration. (Caution: Carefully observe
the proper sign of the radical involved.)

Problem 5/28

5/29 Locate the centroid of the shaded area between the
two curves.

Ans. ,

Problem 5/29

2

2
x

y

0
0

x =
y2
—
2

y = x3
—
4

y � 67x � 24
25

x

a

y

y

x

a

a
2

45°45°

y � 
14�2

9�
 a
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5/24 Determine the coordinates of the centroid of the
shaded area.

Problem 5/24

5/25 Determine the x- and y-coordinates of the centroid of
the shaded area.

Ans. ,

Problem 5/25

5/26 Determine the x- and y-coordinates of the shaded
area.

Problem 5/26

x

y

a
—
2

a

y

x

b
2

b
2

x2

a2
y2

b2+ = 1

a

y � 7b
6(� � 1)

x � a
� � 1

y

x

b

a

y = k|x|3
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5/30 The figure represents a flat piece of sheet metal sym-
metrical about axis A-A and having a parabolic
upper boundary. Choose your own coordinates and
calculate the distance from the base to the center
of gravity of the piece.

Problem 5/30

5/31 Determine the z-coordinate of the centroid of the
volume obtained by revolving the shaded area under
the parabola about the z-axis through 180�.

Ans. � 2a/3

Problem 5/31

5/32 Determine the x-coordinate of the centroid of the
solid spherical segment.

Problem 5/32

x

y
R—
2

R—
2

z

x

x = kx2

b

y
a

z

A

A

30 mm

20 mm

30 mm

h
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5/33 Determine the y-coordinate of the centroid of the
shaded area shown. (Observe the caution cited with
Prob. 5/28.)

Ans. � 0.339a

Problem 5/33

5/34 The thickness of the triangular plate varies linearly
with y from a value t0 along its base y � 0 to 2t0 at 
y � h. Determine the y-coordinate of the center of
mass of the plate.

Problem 5/34

5/35 Calculate the distance measured from the base to
the centroid of the volume of the frustum of the
right-circular cone.

Ans.

Problem 5/35

h

r

z

y

h—
2

h � 11
56h

h

y

x
b

h

t0

2t0

a a

x

y

y
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Problem 5/38

5/39 Locate the mass center of the homogeneous solid
body whose volume is determined by revolving the
shaded area through 360� about the z-axis.

Ans. � 263 mm

Problem 5/39

5/40 Determine the z-coordinate of the mass center of the
homogeneous quarter-spherical shell which has a
radius r.

Ans.

Problem 5/40

x

y

z

r

z � r
2

0
0 z

r

300 mm

200 mm
r = kz3

z

z

r

a a/2
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5/36 Determine the x-coordinate of the mass center of the
portion of the spherical shell of uniform but small
thickness.

Problem 5/36

5/37 The homogeneous slender rod has a uniform cross
section and is bent into the shape shown. Calculate
the y-coordinate of the mass center of the rod.
(Reminder: A differential arc length is dL �

� )
Ans. � 57.4 mm

Problem 5/37

5/38 Determine the z-coordinate of the centroid of the
volume obtained by revolving the shaded triangular
area about the z-axis through 360�.

100 mm

100 mm

y

x

x = ky2

y
�1 � (dx/dy)2 dy.�(dx)2 � (dy)2

y

x

R—
4 3R–—

4

�
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5/41 Determine the y-coordinate of the centroid of the
plane area shown. Set h � 0 in your result and com-

pare with the result � for a full semicircular

area (see Sample Problem 5/3 and Table D/3). Also

evaluate your result for the conditions h � and 

h �

Problem 5/41

5/42 Determine the x-coordinate of the mass center of the
homogeneous hemisphere with the smaller hemi-
spherical portion removed.

Ans.

Problem 5/42

y

x

z

R––
2

R

x � 45
112 R

h

a

x

y

 h � a
4

: y � 0.562a, h � a
2

: y � 0.705a

 Ans. y � 

2
3

 [a2 � h2]3/2

a2��
2

 � sin�1 ha� � h�a2 � h2

a
2

.

a
4

4a
3�

y
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5/43 Determine the x-coordinate of the mass center of the
solid homogeneous body shown.

Ans. � 1.542R

Problem 5/43

5/44 Determine the x-coordinate of the mass center of the
cylindrical shell of small uniform thickness.

Ans. � 1.583R

Problem 5/44

4R

2R

x

R

x

4R

2R

x

R

x

�

�

�

�
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5/4 CO M P O S I T E BO D I E S A N D F I G U R E S ;  
AP P R O X I M A T I O N S

When a body or figure can be conveniently divided into several parts
whose mass centers are easily determined, we use the principle of mo-
ments and treat each part as a finite element of the whole. Such a body is
illustrated schematically in Fig. 5/13. Its parts have masses m1, m2, m3

with the respective mass-center coordinates in the x-direction.
The moment principle gives

where is the x-coordinate of the center of mass of the whole. Similar
relations hold for the other two coordinate directions.

We generalize, then, for a body of any number of parts and express
the sums in condensed form to obtain the mass-center coordinates

(5/7)

Analogous relations hold for composite lines, areas, and volumes, where
the m’s are replaced by L’s, A’s, and V’s, respectively. Note that if a hole
or cavity is considered one of the component parts of a composite body
or figure, the corresponding mass represented by the cavity or hole is
treated as a negative quantity.

An Approximation Method

In practice the boundaries of an area or volume might not be ex-
pressible in terms of simple geometrical shapes or as shapes which can
be represented mathematically. For such cases we must resort to a
method of approximation. As an example, consider the problem of locat-

X � Σmx
Σm

  Y � 
Σmy
Σm

  Z � Σmz
Σm

X

(m1 � m2 � m3)X � m1x1 � m2x2 � m3x3

x3x2,x1,
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– x3

– x2

 –
X

– x1

m1

m2

m3

G1

GG2
G3

Figure 5/13
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ing the centroid C of the irregular area shown in Fig. 5/14. The area is
divided into strips of width �x and variable height h. The area A of each
strip, such as the one shown in red, is h �x and is multiplied by the coor-
dinates xc and yc of its centroid to obtain the moments of the element of
area. The sum of the moments for all strips divided by the total area of
the strips will give the corresponding centroidal coordinate. A system-
atic tabulation of the results will permit an orderly evaluation of the
total area ΣA, the sums ΣAxc and ΣAyc, and the centroidal coordinates

We can increase the accuracy of the approximation by decreasing
the widths of the strips. In all cases the average height of the strip
should be estimated in approximating the areas. Although it is usually
advantageous to use elements of constant width, it is not necessary. In
fact, we may use elements of any size and shape which approximate the
given area to satisfactory accuracy.

Irregular Volumes

To locate the centroid of an irregular volume, we may reduce the
problem to one of locating the centroid of an area. Consider the volume
shown in Fig. 5/15, where the magnitudes A of the cross-sectional areas
normal to the x-direction are plotted against x as shown. A vertical strip
of area under the curve is A �x, which equals the corresponding element
of volume �V. Thus, the area under the plotted curve represents the vol-
ume of the body, and the x-coordinate of the centroid of the area under
the curve is given by

for the centroid of the actual volume.

x � 
Σ(A �x)xc

ΣA �x
  which equals   x � 

ΣVxc

ΣV

x � 
ΣAxc

ΣA
  y � 

ΣAyc

ΣA
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xc

yc

x

C

y

–x

–y

h

x∆

Figure 5/14

–x

–x

A

x

G

C

x

x∆

V = A   x∆ ∆

x∆
x

A
A

xc

Figure 5/15
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Sample Problem 5/6

Locate the centroid of the shaded area.

Solution. The composite area is divided into the four elementary shapes
shown in the lower figure. The centroid locations of all these shapes may be ob-
tained from Table D/3. Note that the areas of the “holes” (parts 3 and 4) are
taken as negative in the following table:

A
PART mm2 mm mm mm3 mm3

1 12 000 60 50 720 000 600 000
2 3000 140 100/3 420 000 100 000
3 �1414 60 12.73 �84 800 �18 000
4 �800 120 40 �96 000 �32 000

TOTALS 12 790 959 000 650 000

The area counterparts to Eqs. 5/7 are now applied and yield

Ans.

Ans.

Sample Problem 5/7

Approximate the x-coordinate of the volume centroid of a body whose length
is 1 m and whose cross-sectional area varies with x as shown in the figure.

Solution. The body is divided into five sections. For each section, the average
area, volume, and centroid location are determined and entered in the following
table:

Aav Volume V
INTERVAL m2 m3 m m4

0–0.2 3 0.6 0.1 0.060
0.2–0.4 4.5 0.90 0.3 0.270
0.4–0.6 5.2 1.04 0.5 0.520
0.6–0.8 5.2 1.04 0.7 0.728
0.8–1.0 4.5 0.90 0.9 0.810

TOTALS 4.48 2.388

Ans.X � 2.388
4.48

 � 0.533 m�X � ΣV x

ΣV
�

V xx

 Y � 650 000
12 790

 � 50.8 mm�Y � 
ΣAy

ΣA�

 X � 959 000
12 790

 � 75.0 mm�X � ΣAx
ΣA�

yAxAyx
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Helpful Hint

� Note that the shape of the body as a
function of y and z does not affect X.

�

x

y

120

30

30 20 20

20

50

40

40

Dimensions in millimeters

1
4

2

3

0
0

1

2

3

4

5

6

0.2 0.4
x, m

A
, m

2

0.6 0.8 1.0
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Sample Problem 5/8

Locate the center of mass of the bracket-and-shaft combination. The verti-
cal face is made from sheet metal which has a mass of 25 kg/m2. The material of
the horizontal base has a mass of 40 kg/m2, and the steel shaft has a density of
7.83 Mg/m3.

Solution. The composite body may be considered to be composed of the five el-
ements shown in the lower portion of the illustration. The triangular part will be
taken as a negative mass. For the reference axes indicated it is clear by symme-
try that the x-coordinate of the center of mass is zero.

The mass m of each part is easily calculated and should need no further ex-
planation. For Part 1 we have from Sample Problem 5/3

For Part 3 we see from Sample Problem 5/2 that the centroid of the triangular
mass is one-third of its altitude above its base. Measurement from the coordinate
axes becomes

The y- and z-coordinates to the mass centers of the remaining parts should be ev-
ident by inspection. The terms involved in applying Eqs. 5/7 are best handled in
the form of a table as follows:

m
PART kg mm mm

1 0.098 0 21.2 0 2.08
2 0.562 0 �75.0 0 �42.19
3 �0.094 0 �100.0 0 9.38
4 0.600 50.0 �150.0 30.0 �90.00
5 1.476 75.0 0 110.7 0

TOTALS 2.642 140.7 �120.73

Equations 5/7 are now applied and the results are

Ans.

Ans. Z � �120.73
2.642

 � �45.7 mm�Z � Σmz
Σm�

 Y � 140.7
2.642

 � 53.3 mm�Y � 
Σmy

Σm�

kg � mmkg � m
mzmyzy

z � �[150 � 25 � 13 

(75)] � �100 mm

z � 4r
3�

 � 
4(50)

3�
 � 21.2 mm
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y

x

z

40

50 50

50

25

100

150 75

150

Dimensions in millimeters

150

1

2

3

4

5
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5/47 Determine the coordinates of the centroid of the
trapezoidal area shown.

Ans. � 25.3 mm, � 28.0 mm

Problem 5/47

5/48 Determine the x- and y-coordinates of the centroid of
the shaded area.

Problem 5/48

5/49 Determine the y-coordinate of the centroid of the
shaded area in terms of h.

Ans. � 0.412h

Problem 5/49

x

y

h

h h

h/2

Y

y

x

120 mm

240 mm

120 mm

360 mm

60 mm

y

x
60 mm

40 mm

60 
mm

YX
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PROBLEMS

Introductory Problems

5/45 Determine the y-coordinate of the centroid of the
shaded area.

Ans. � 37.1 mm

Problem 5/45

5/46 Calculate the y-coordinate of the centroid of the
shaded area.

Problem 5/46

x

y

32
mm

32
mm

32 mm

74 mm

50 mm

20 mm

y

10 mm

10 mm 20 mm 10 mm

Y
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5/50 Determine the y-coordinate of the centroid of the
shaded area. The triangle is equilateral.

Problem 5/50

5/51 Determine the x- and y-coordinates of the centroid of
the shaded area.

Ans. � � 103.6 mm

Problem 5/51

y

x

192 96

48

96

48

48

48

192

30

30

A

B

Dimensions in millimeters

YX

x

y

60 40 60

20

40

40

Dimensions in millimeters
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5/52 Determine the x- and y-coordinates of the centroid of
the shaded area.

Problem 5/52

5/53 Determine the x- and y-coordinates of the centroid of
the shaded area.

Ans. � 4.02b, � 1.588b

Problem 5/53

x

1.5b

2.5b

y

2b 2b

b

2b 3b

2b

YX

y

x
40 mm

30
mm

50
mm

60 mm

20
mm

40
mm
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5/56 Locate the mass center of the slender rod bent into
the shape shown.

Problem 5/56

5/57 The rigidly connected unit consists of a 2-kg circular
disk, a 1.5-kg round shaft, and a 1-kg square plate.
Determine the z-coordinate of the mass center of the
unit.

Ans. � 70 mm

Problem 5/57

5/58 Determine the height above the base of the centroid
of the cross-sectional area of the beam. Neglect the
fillets.

Problem 5/58

156

35
22343

35

Dimensions in millimeters

312

z

y

x

180 mm

Z

y

x

300 mm
150
mm
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Representative Problems

5/54 By inspection, state the quadrant in which the cen-
troid of the shaded area is located. Then determine
the coordinates of the centroid. The plate center is M.

Problem 5/54

5/55 Determine the distance from the bottom of the
base plate to the centroid of the built-up structural
section shown.

Ans. � 39.3 mm

Problem 5/55

10 10

1010

10 10

10
80

160

Dimensions in millimeters

120

50

H

H

320

320

Dimensions in millimeters

60

60

80

80

x

y

M
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5/59 Determine the x-coordinate of the mass center of the
bracket constructed of uniform steel plate.

Ans. � 0.1975 m

Problem 5/59

5/60 Determine the x- and y-coordinates of the centroid of
the area of Prob. 5/26 by the method of this article.

Problem 5/60

5/61 The homogeneous hemisphere with the smaller
hemispherical portion removed is repeated here
from Prob. 5/42. By the method of this article, deter-
mine the x-coordinate of the mass center.

Ans.

Problem 5/61

y

x

z

R––
2

R

X � 45
112 R

x

y

a
—
2

a

0.2 m

0.15 m

45°

0.3 m
0.3 m0.1 m

0.1 m

x

X
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5/62 The two upper lengths of the welded Y-shaped as-
sembly of uniform slender rods have a mass per
unit length of 0.3 kg/m, while the lower length has
a mass of 0.5 kg/m. Locate the mass center of the
assembly.

Problem 5/62

5/63 Determine the coordinates of the mass center of the
welded assembly of uniform slender rods made from
the same bar stock.

Ans. , ,

Problem 5/63

a a

a

a

y

z

x

Z � �a
6 � �

Y � � 2a
6 � �

X � 3a
6 � �

x

y

45°45°

30 mm

30
 m

m
30 m

m
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5/66 Determine the distance from the bottom of the
base to the mass center of the bracket casting.

Problem 5/66

5/67 An underwater instrument is modeled as shown in
the figure. Determine the coordinates of the centroid
of this composite volume.

Ans. � 38.5 mm, � 13.52 mm, � 0

Problem 5/67

85
mm

125
mm

125
mm85

mm

95 mm

50 mm
15

mm95 mm

60 mm

200 mm

150 mm

z

y

x

ZYX

25 mm

25 mm

25
mm

50 mm

75 mm

75 mm
150 mm

H
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5/64 Determine the x-, y-, and z-coordinates of the mass
center of the sheet-metal bracket whose thickness is
small in comparison with the other dimensions.

Problem 5/64

5/65 Determine the x- and y-coordinates of the centroid of
the shaded area.

Ans. � 133.5 mm, � 97.0 mm

Problem 5/65

120 mm

72 mm 

36 mm

72 mm

72 mm

x

y

30°

YX

1.5b

1.5b

b

b

b
O

b

z

yx
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5/68 Calculate the coordinates of the mass center of the
metal die casting shown.

Problem 5/68

5/69 Determine the dimension h of the rectangular open-
ing in the square plate which will result in the mass
center of the remaining plate being as close to the
upper edge as possible.

Ans. h � 0.586a

Problem 5/69

x

y

h

a

a—
2

a—
2

a—
2

20
30 25 35

Dimensions in millimeters

z

x

y
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5/70 Determine the depth h of the circular hole in the
cube for which the z-coordinate of the mass center
will have the maximum possible value.

Problem 5/70

5/71 An opening is formed in the thin cylindrical shell.
Determine the x-, y-, and z-coordinates of the mass
center of the homogeneous body.

Ans. � �0.509L, � 0.0443R, � �0.01834R

Problem 5/71

5/72 Determine the y-coordinate of the centroid of the
shaded area. Use the result of Prob. 5/41.

Ans. � 0.353 m

Problem 5/72

y

0.3 m

1.35 m

1.5 m

0.3 m

1.35 m

Y

z

x

y
45°

R

L––
8

3L––
8

L––
2

ZYX

x

h

175 mm

175
mm

175
mm

350
mm

175 mm

yz
100
mm

�

�
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5/5 TH E O R E M S O F PA P P U S*

A very simple method exists for calculating the surface area gener-
ated by revolving a plane curve about a nonintersecting axis in the plane
of the curve. In Fig. 5/16 the line segment of length L in the x-y plane
generates a surface when revolved about the x-axis. An element of this
surface is the ring generated by dL. The area of this ring is its circum-
ference times its slant height or dA � 2�y dL. The total area is then

Because the area becomes

(5/8)

where is the y-coordinate of the centroid C for the line of length L.
Thus, the generated area is the same as the lateral area of a right-circular
cylinder of length L and radius 

In the case of a volume generated by revolving an area about a non-
intersecting line in its plane, an equally simple relation exists for find-
ing the volume. An element of the volume generated by revolving the
area A about the x-axis, Fig. 5/17, is the elemental ring of cross-section
dA and radius y. The volume of the element is its circumference times
dA or dV � 2�y dA, and the total volume is

V � 2� �  y dA

y.

y

A � 2�yL

yL � � y dL,

A � 2� �  y dL
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x

L
dL

C

y

y y  –

Figure 5/16

x

y

dA C
A

y
y–

Figure 5/17

*Attributed to Pappus of Alexandria, a Greek geometer who lived in the third century A.D.
The theorems often bear the name of Guldinus (Paul Guldin, 1577–1643), who claimed
original authorship, although the works of Pappus were apparently known to him.
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Because the volume becomes

(5/9)

where is the y-coordinate of the centroid C of the revolved area A.
Thus, we obtain the generated volume by multiplying the generating
area by the circumference of the circular path described by its centroid.

The two theorems of Pappus, expressed by Eqs. 5/8 and 5/9, are use-
ful for determining areas and volumes of revolution. They are also used
to find the centroids of plane curves and plane areas when we know the
corresponding areas and volumes created by revolving these figures
about a nonintersecting axis. Dividing the area or volume by 2� times
the corresponding line segment length or plane area gives the distance
from the centroid to the axis.

If a line or an area is revolved through an angle � less than 2�, we
can determine the generated surface or volume by replacing 2� by � in
Eqs. 5/8 and 5/9. Thus, the more general relations are

(5/8a)

and

(5/9a)

where � is expressed in radians.

V � �yA

A � �yL

y

V � 2�yA

yA � � y dA,
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Sample Problem 5/9

Determine the volume V and surface area A of the complete torus of circular
cross section.

Solution. The torus can be generated by revolving the circular area of radius a
through 360� about the z-axis. With the use of Eq. 5/9a, we have

Ans.

Similarly, using Eq. 5/8a gives

Ans.A � �rL � 2�(R)(2�a) � 4�2Ra

V � �rA � 2�(R)(�a2) � 2�2Ra2

268 Chapter  5 Distr ibuted Forces

Helpful Hint

� We note that the angle � of revolu-
tion is 2� for the complete ring. This
common but special-case result is
given by Eq. 5/9.

Sample Problem 5/10

Calculate the volume V of the solid generated by revolving the 60-mm right-
triangular area through 180� about the z-axis. If this body were constructed of
steel, what would be its mass m?

Solution. With the angle of revolution � � 180�, Eq. 5/9a gives

Ans.

The mass of the body is then

Ans. � 2.21 kg

 m � �V � �7830 
kg

m3�[2.83(105) mm3]� 1 m
1000 mm�

3

V � �rA � �[30 � 13(60)][12(60)(60)] � 2.83(105) mm3

Helpful Hint

� Note that � must be in radians.

R
z

a

60
mm

60
mm

30
mm

x

z

60
mm

60
mm

30
mm

z

r–
CC

z

r = R–

aa

�

�
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PROBLEMS

Introductory Problems

5/73 Using the methods of this article, determine the sur-
face area A and volume V of the body formed by re-
volving the rectangular area through 360� about the
z-axis.

Ans. A � 2640 mm2, V � 3170 mm3

Problem 5/73

5/74 The circular arc is rotated through 360� about the y-
axis. Determine the outer surface area S of the re-
sulting body, which is a portion of a sphere.

Problem 5/74

y

x

a

30°
30°

z

x

y

4 mm

18 mm

6 mm

Art ic le  5/5 Problems 269

5/75 The area of the circular sector is rotated through
180� about the y-axis. Determine the volume of the
resulting body, which is a portion of a sphere.

Ans. V �

Problem 5/75

5/76 Compute the volume V of the solid generated by re-
volving the right triangle about the z-axis through
180�.

Problem 5/76

12 mm

x

z

12 mm

8 mm

y

x

a

30°
30°

�a3

3
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Representative Problems

5/80 The area shown is rotated through 360� about the y-
axis. Determine the volume of the resulting body,
which is a sphere with a significant portion removed.

Problem 5/80

5/81 The water storage tank is a shell of revolution and is
to be sprayed with two coats of paint which has a
coverage of 16 m2 per gallon. The engineer (who re-
members mechanics) consults a scale drawing of the
tank and determines that the curved line ABC has a
length of 10 m and that its centroid is 2.50 m from
the centerline of the tank. How many gallons of
paint will be used for the tank including the vertical
cylindrical column?

Ans. 25.5 liters

Problem 5/81

6 m

A

B

C

2.5 m

y

x

a

45°
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5/77 The body shown in cross section is a half-circular
ring formed by revolving the cross-hatched area 180�

about the z-axis. Determine the surface area A of the
body.

Ans. A � 90 000 mm2

Problem 5/77

5/78 Calculate the volume V of the complete ring of cross
section shown.

Problem 5/78

5/79 Determine the volume V generated by revolving the
quarter-circular area about the z-axis through an
angle of 90�.

Ans. V � (3� � 4)

Problem 5/79

a

z

y

xa

��a3

24 �

30 mm

30 mm

96 mm

z

72 
mm

96 
mm

20

Dimensions in millimeters

602040

40

20

z
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5/82 Determine the total surface area A and volume V of
the complete solid shown in cross section. Determine
the mass of the body if it is constructed of steel.

Problem 5/82

5/83 Calculate the volume V of the rubber gasket formed
by the complete ring of the semicircular cross sec-
tion shown. Also compute the surface area A of the
outside of the ring.

Ans. V � 13.95(104) mm3, A � 1.686(104) mm2

Problem 5/83

5/84 The body shown in cross section is a complete circu-
lar ring formed by revolving the cross-hatched area
about the z-axis. Determine the surface area A and
volume V of the body.

Problem 5/84

z

2b

3b

b

2b

r

z

18 mm

36 mm

z

20 mm 20 mm

10 mm
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5/85 The body shown in cross section is a large neoprene
washer. Compute its surface area A and volume V.

Ans. A � 7290 mm2, V � 24 400 mm3

Problem 5/85

5/86 The two circular arcs AB and BC are revolved about
the vertical axis to obtain the surface of revolution
shown. Compute the area A of the outside of this
surface.

Problem 5/86

5/87 A thin shell, shown in section, has the form gener-
ated by revolving the arc about the z-axis through
360�. Determine the surface area A of one of the two
sides of the shell.

Ans. A � 4�r(R� � r sin �)

Problem 5/87

r

z

α
α

R

50 mm

A

B

C
50 mm

50 mm

5 mm

15 mm 15 mm

z

c05.qxd  10/29/07  1:17 PM  Page 271



5/91 The shaded area is bounded by one half-cycle of a
sine wave and the axis of the sine wave. Determine
the volume generated by completely revolving the
area about the x-axis.

Ans. V � 4bc

Problem 5/91

5/92 Find the volume V of the solid generated by revolv-
ing the shaded area about the z-axis through 90�.

Problem 5/92

x

y

b

a
c

�a � b�
8 �

z

x

y

a

r
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5/88 Calculate the volume formed by completely revolv-
ing the cross-sectional area shown about the z-axis
of symmetry.

Problem 5/88

5/89 Calculate the weight W of the aluminum casting
shown. The solid is generated by revolving the trape-
zoidal area shown about the z-axis through 180�.

Ans. W � 42.7 N

Problem 5/89

5/90 Determine the volume V and total surface area A of
the solid generated by revolving the area shown
through 180� about the z-axis.

Problem 5/90

40 mm
30 mm

z

75 mm

75 mm

z

25 mm

25 mm

50 mm

50 mm

100 mm

200 mm
600 mm
1000 mm

250 mm

z
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5/93 Calculate the mass m of concrete required to con-
struct the arched dam shown. Concrete has a density
of 2.40 Mg/m3.

Ans. m � 1.126(106) Mg

Problem 5/93

A

60°

200 m

A

70 m

10 m

10 m
Section A-A

Art ic le  5/5 Problems 273

5/94 In order to provide sufficient support for the stone
masonry arch designed as shown, it is necessary to
know its total weight W. Use the results of Prob.
5/11 and determine W. The density of stone masonry
is 2.40 Mg/m3.

Problem 5/94

2 m

2 m

60°
8 m

r

1.5 m
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SECTION B SPECIAL TOPICS

274 Chapter  5 Distr ibuted Forces

5/6 BE A M S—EX T E R N A L EF F E C T S

Beams are structural members which offer resistance to bending
due to applied loads. Most beams are long prismatic bars, and the loads
are usually applied normal to the axes of the bars.

Beams are undoubtedly the most important of all structural mem-
bers, so it is important to understand the basic theory underlying
their design. To analyze the load-carrying capacities of a beam we
must first establish the equilibrium requirements of the beam as a
whole and any portion of it considered separately. Second, we must es-
tablish the relations between the resulting forces and the accompany-
ing internal resistance of the beam to support these forces. The first
part of this analysis requires the application of the principles of stat-
ics. The second part involves the strength characteristics of the mater-
ial and is usually treated in studies of the mechanics of solids or the
mechanics of materials.

This article is concerned with the external loading and reactions act-
ing on a beam. In Art. 5/7 we calculate the distribution along the beam
of the internal force and moment.

Types of Beams

Beams supported so that their external support reactions can be cal-
culated by the methods of statics alone are called statically determinate
beams. A beam which has more supports than needed to provide equilib-
rium is statically indeterminate. To determine the support reactions for
such a beam we must consider its load-deformation properties in addi-
tion to the equations of static equilibrium. Figure 5/18 shows examples

Simple

Cantilever

Continuous

Combination

Statically determinate beams Statically indeterminate beams

End-supported cantilever

Fixed 

Figure 5/18
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of both types of beams. In this article we will analyze statically determi-
nate beams only.

Beams may also be identified by the type of external loading they
support. The beams in Fig. 5/18 are supporting concentrated loads,
whereas the beam in Fig. 5/19 is supporting a distributed load. The in-
tensity w of a distributed load may be expressed as force per unit length
of beam. The intensity may be constant or variable, continuous or dis-
continuous. The intensity of the loading in Fig. 5/19 is constant from C
to D and variable from A to C and from D to B. The intensity is discon-
tinuous at D, where it changes magnitude abruptly. Although the inten-
sity itself is not discontinuous at C, the rate of change of intensity dw/dx
is discontinuous.

Distributed Loads

Loading intensities which are constant or which vary linearly are
easily handled. Figure 5/20 illustrates the three most common cases and
the resultants of the distributed loads in each case.

In cases a and b of Fig. 5/20, we see that the resultant load R is rep-
resented by the area formed by the intensity w (force per unit length of
beam) and the length L over which the force is distributed. The resul-
tant passes through the centroid of this area.

In part c of Fig. 5/20, the trapezoidal area is broken into a rectangu-
lar and a triangular area, and the corresponding resultants R1 and R2 of
these subareas are determined separately. Note that a single resultant
could be determined by using the composite technique for finding cen-
troids, which was discussed in Art. 5/4. Usually, however, the determi-
nation of a single resultant is unnecessary.

For a more general load distribution, Fig. 5/21, we must start with a
differential increment of force dR � w dx. The total load R is then the
sum of the differential forces, or

As before, the resultant R is located at the centroid of the area under
consideration. The x-coordinate of this centroid is found by the principle
of moments � xw dx, or

For the distribution of Fig. 5/21, the vertical coordinate of the centroid
need not be found.

Once the distributed loads have been reduced to their equivalent
concentrated loads, the external reactions acting on the beam may be
found by a straightforward static analysis as developed in Chapter 3.

x � 
�  xw dx

R

�Rx

R � �  w dx
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A

x

w

C D

B

Figure 5/19

L/2
R = wL

L

(a)

2L/3

L

(b)

R =    wL1–
2

L/2

L

(c)

R1 = w1L
2L/3

R2 =    (w2 – w1)L1–
2

w1 

w

w

w2

Figure 5/20

  – R

dxx

dR = wdx
x

w

Figure 5/21
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Sample Problem 5/11

Determine the equivalent concentrated load(s) and external reactions for
the simply supported beam which is subjected to the distributed load shown.

Solution. The area associated with the load distribution is divided into the
rectangular and triangular areas shown. The concentrated-load values are deter-
mined by computing the areas, and these loads are located at the centroids of the
respective areas.

Once the concentrated loads are determined, they are placed on the free-
body diagram of the beam along with the external reactions at A and B. Using
principles of equilibrium, we have

Ans.

Ans.RA � 6960 N or 6.96 kN

 RA(10) � 12 000(5) � 4800(2) � 0[ΣMB � 0]

RB � 9840 N or 9.84 kN

12 000(5) � 4800(8) � RB(10) � 0[ΣMA � 0]

276 Chapter  5 Distr ibuted Forces

A
8 m

B

  w(x)     

1000 N/m 2024
N/m

x

 w = w0 + kx3

5 m
8 m

1200 N/m 1200 N/m

1600 N/m

(1200) (10) = 12 000 N

(1600) (6) = 4800 N

12 000 N 4800 N

5 m
A

RA RB

A B

B
3 m

1_
2

A B

4 m 6 m

1200 N/m
2800 N/m

4.49 m

Ay

A
Ax B

MA

10 050 N

y

x

Helpful Hint

� Note that it is usually unnecessary
to reduce a given distributed load to
a single concentrated load.

Sample Problem 5/12

Determine the reaction at the support A of the loaded cantilever beam.

Solution. The constants in the load distribution are found to be w0 � 1000
N/m and k � 2 N/m4. The load R is then

The x-coordinate of the centroid of the area is found by

From the free-body diagram of the beam, we have

Ans.

Ans.

Note that Ax � 0 by inspection.

Ay � 10 050 N[ΣFy � 0]

MA � 45 100 N � m

MA � (10 050)(4.49) � 0[ΣMA � 0]

 � 1
10 050

 (500x2 � 25x5)	8
0
 � 4.49 m

 x � 
�  xw dx

R
 � 1

10 050
 �8

0
 x(1000 � 2x3) dx

R � �  w dx � �8

0
 (1000 � 2x3) dx � �1000x � x

4

2 � 
80 � 10 050 N
Helpful Hints

� Use caution with the units of the
constants w0 and k.

� The student should recognize that
the calculation of R and its location 
is simply an application of centroids
as treated in Art. 5/3.

x

�

�

�
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PROBLEMS

Introductory Problems

5/95 Calculate the supporting force RA and moment MA

at A for the loaded cantilever beam.
Ans. RA � 2.4 kN, MA � 14.4 CCW

Problem 5/95

5/96 Calculate the reactions at A and B for the beam sub-
jected to the triangular load distribution.

Problem 5/96

5/97 Determine the reactions at the built-in end of the
beam subjected to the triangular load distribution.

Ans. RA � , MA � CCW

Problem 5/97

A

w0

l

w0 l2

6
w0 l
2

A B 

4.8 kN/m

3 m 3 m

8 m

A
4 m

600 N/m

kN � m
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5/98 Determine the reactions at A and B for the loaded
beam.

Problem 5/98

5/99 Find the reaction at A due to the uniform loading
and the applied couple.

Ans. RA � 6 kN, MA � 3 kN � m CW

Problem 5/99

5/100 Determine the reactions at A for the cantilever
beam subjected to the distributed and concentrated
loads.

Problem 5/100

2 kN

4 kN/m

3 m 1.5 m 1.5 m

A

y

x

A 

2 kN/m

12 kN.m

3 m 3 m

A B

1.2 m1.5 m0.9 m

y

x 2.4 kN/m
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5/104 The beam is subjected to the distributed load and
the couple shown. If M is slowly increased starting
from zero, at what value M0 will contact at B
change from the lower surface to the upper surface?

Problem 5/104

Representative Problems

5/105 Determine the force and moment reactions at A for
the beam which is subjected to the load combina-
tion shown.

Ans. RA � 55 kN, MA � 253 CW

Problem 5/105

5/106 Determine� the force and moment reactions at the
support A of the built-in beam which is subjected to
the sine-wave load distribution.

Problem 5/106

A

w0

Sine wave

l

60 kN/m
A

40 kN.m
24 kN/m

50 kN

1 m 1 m1.5 m 1.5 m

kN � m

A B

y

x

1 m 1 m 1 m

M

1 m

4000 N/m
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5/101 Determine the reactions at A and B for the beam
subjected to a combination of distributed and point
loads.

Ans. Ax � 750 N, Ay � 3.07 kN, By � 1.224 kN

Problem 5/101

5/102 Calculate the supporting reactions at A and B for
the beam subjected to the two linearly distributed
loads.

Problem 5/102

5/103 Determine the reactions at the supports of the
beam which is loaded as shown.

Ans. RA � 2230 N, RB � 2170 N

Problem 5/103

6 m
1
m

1
m

A
B

800 N/m 400 N/m

4 m 3 m

A B

2 kN/m

10 kN/m
8 kN/m

4 kN/m

A B

1.5 kN
2 kN/m

30°

1.2 m 0.6
m

1.2 m 1.8 m 1.2 m

x

y
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5/107 Determine the reactions at points A and B of the
beam subjected to the elliptical and uniform load
distributions. At which surface, upper or lower, is
the reaction at A exerted?

Ans. A � 5.15 kN, B � 5.37 kN, upper

Problem 5/107

5/108 The cantilever beam is subjected to a parabolic dis-
tribution of load symmetrical about the middle of
the beam. Determine the supporting force RA and
moment MA acting on the beam at A.

Problem 5/108

5/109 Determine the force and moment reactions at the
support A of the cantilever beam subjected to the
load distribution shown.

Ans. RA � w0b, MA � w0b2 CW

Problem 5/109

w = k  x

w0

b b

A

x

w

y

14
15

2
3

A

w0

w

x

l/2 l/2

A

B

3 kN/m

2 m 2 m
1 m

4 m

5 m

3 kN/m

Art ic le  5/6 Problems 279

5/110 A cantilever beam supports the variable load
shown. Calculate the supporting force RA and mo-
ment MA at A.

Problem 5/110

5/111 Determine the reactions at points A and B of the
inclined beam subjected to the vertical load distrib-
ution shown. The value of the load distribution at
the right end of the beam is 5 kN per horizontal
meter.

Ans. A � 2.5 kN, B � 6.61 kN

Problem 5/111

5/112 Determine the reactions at the support for the
beam which is subjected to the combination of uni-
form and parabolic loading distributions.

Problem 5/112

A B

8 kN/m
Parabolic

region

3 m 2 m

A

w = w0 + kx2

w

x
500 N/m

6 m

900 N/m
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5/115 Determine the reactions at the supports of the
beam which is acted on by the combination of uni-
form and parabolic loading distributions.

Ans. RA � RB � 7 kN

Problem 5/115

5/116 The transition between the loads of 10 kN/m and
37 kN/m is accomplished by means of a cubic func-
tion of form w � k0 � k1x � k2x2 � k3x3, the slope of
which is zero at its end points x � 1 m and x � 4 m.
Determine the reactions at A and B.

Ans. RA � 43.1 kN, RB � 74.4 kN

Problem 5/116

A B

2 kN/m
6 kN/m

1 m 1 m 3 m

Parabolic
region

w

x

Vertex

A B

10 kN/m

37 kN/m

1 m 1 m3 m

Cubic
function

w

x
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5/113 A beam is subjected to the variable loading shown.
Calculate the support reactions at A and B.

Ans. RA � 6.84 kN, RB � 5.76 kN

Problem 5/113

5/114 Determine the reactions at A and B for the beam
subjected to the distributed and concentrated
loads.

Problem 5/114

4 kN
6 kN/m

w = w0 + kx2

2 kN/m

0.6 m 1.4 m 0.4 m 0.6 m

BA

w

x
0.5 mw

A B

w = w0 – kx3

w

x
1200 N/m

6 m

2400 N/m

�
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5/7 BE A M S—IN T E R N A L EF F E C T S

The previous article treated the reduction of a distributed force to
one or more equivalent concentrated forces and the subsequent determi-
nation of the external reactions acting on the beam. In this article we in-
troduce internal beam effects and apply principles of statics to calculate
the internal shear force and bending moment as functions of location
along the beam.

Shear, Bending, and Torsion

In addition to supporting tension or compression, a beam can resist
shear, bending, and torsion. These three effects are illustrated in Fig.
5/22. The force V is called the shear force, the couple M is called the
bending moment, and the couple T is called a torsional moment. These
effects represent the vector components of the resultant of the forces
acting on a transverse section of the beam as shown in the lower part of
the figure.

Consider the shear force V and bending moment M caused by forces
applied to the beam in a single plane. The conventions for positive val-
ues of shear V and bending moment M shown in Fig. 5/23 are the ones
generally used. From the principle of action and reaction we can see
that the directions of V and M are reversed on the two sections. It is fre-
quently impossible to tell without calculation whether the shear and
moment at a particular section are positive or negative. For this reason
it is advisable to represent V and M in their positive directions on the
free-body diagrams and let the algebraic signs of the calculated values
indicate the proper directions.

As an aid to the physical interpretation of the bending couple M,
consider the beam shown in Fig. 5/24 bent by the two equal and opposite
positive moments applied at the ends. The cross section of the beam is
treated as an H-section with a very narrow center web and heavy top
and bottom flanges. For this beam we may neglect the load carried by
the small web compared with that carried by the two flanges. The upper
flange of the beam clearly is shortened and is under compression,
whereas the lower flange is lengthened and is under tension. The resul-
tant of the two forces, one tensile and the other compressive, acting on
any section is a couple and has the value of the bending moment on the
section. If a beam having some other cross-sectional shape were loaded
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V

V

M

T

T

M
V

T

M

Shear

Bending

Torsion

Combined loading

Figure 5/22

+M +M

+V

+V

Figure 5/23

+M +M

Figure 5/24

c05.qxd  10/29/07  1:17 PM  Page 281



in the same way, the distribution of force over the cross section would
be different, but the resultant would be the same couple.

Shear-Force and Bending-Moment Diagrams

The variation of shear force V and bending moment M over the
length of a beam provides information necessary for the design analysis
of the beam. In particular, the maximum magnitude of the bending mo-
ment is usually the primary consideration in the design or selection of a
beam, and its value and position should be determined. The variations
in shear and moment are best shown graphically, and the expressions
for V and M when plotted against distance along the beam give the
shear-force and bending-moment diagrams for the beam.

The first step in the determination of the shear and moment rela-
tions is to establish the values of all external reactions on the beam by
applying the equations of equilibrium to a free-body diagram of the
beam as a whole. Next, we isolate a portion of the beam, either to the
right or to the left of an arbitrary transverse section, with a free-body
diagram, and apply the equations of equilibrium to this isolated portion
of the beam. These equations will yield expressions for the shear force V
and bending moment M acting at the cut section on the part of the beam
isolated. The part of the beam which involves the smaller number of
forces, either to the right or to the left of the arbitrary section, usually
yields the simpler solution.

We should avoid using a transverse section which coincides with the
location of a concentrated load or couple, as such a position represents a
point of discontinuity in the variation of shear or bending moment. Fi-
nally, it is important to note that the calculations for V and M on each
section chosen should be consistent with the positive convention illus-
trated in Fig. 5/23.

General Loading, Shear, and Moment Relationships

For any beam with distributed loads we can establish certain gen-
eral relationships which will aid greatly in the determination of the
shear and moment distributions along the beam. Figure 5/25 represents
a portion of a loaded beam, where an element dx of the beam is isolated.
The loading w represents the force per unit length of beam. At the loca-
tion x the shear V and moment M acting on the element are drawn in
their positive directions. On the opposite side of the element where the
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w = ƒ (x)

w w

x dx

dx

V

M
V + dV

M + dM

Figure 5/25
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coordinate is x � dx, these quantities are also shown in their positive di-
rections. They must, however, be labeled V � dV and M � dM, since V
and M change with x. The applied loading w may be considered constant
over the length of the element, since this length is a differential quan-
tity and the effect of any change in w disappears in the limit compared
with the effect of w itself.

Equilibrium of the element requires that the sum of the vertical
forces be zero. Thus, we have

or

(5/10)

We see from Eq. 5/10 that the slope of the shear diagram must every-
where be equal to the negative of the value of the applied loading. Equa-
tion 5/10 holds on either side of a concentrated load but not at the
concentrated load because of the discontinuity produced by the abrupt
change in shear.

We may now express the shear force V in terms of the loading w by
integrating Eq. 5/10. Thus,

or

In this expression V0 is the shear force at x0 and V is the shear force at x.
Summing the area under the loading curve is usually a simple way to
construct the shear-force diagram.

Equilibrium of the element in Fig. 5/25 also requires that the mo-
ment sum be zero. Summing moments about the left side of the element
gives

The two M’s cancel, and the terms w(dx)2/2 and dV dx may be dropped,
since they are differentials of higher order than those which remain.
This leaves

(5/11)V � dM
dx

M � w dx dx
2

 � (V � dV) dx � (M � dM) � 0

 the loading curve from x0 to x)
 V � V0 � (the negative of the area under

�V

V0

 dV � ��x

x0

 w dx

w � �dV
dx

V � w dx � (V � dV) � 0
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Because of its economical use of
material in achieving bending stiff-
ness, the I-beam is a very common
structural element.
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which expresses the fact that the shear everywhere is equal to the slope
of the moment curve. Equation 5/11 holds on either side of a concen-
trated couple but not at the concentrated couple because of the disconti-
nuity caused by the abrupt change in moment.

We may now express the moment M in terms of the shear V by inte-
grating Eq. 5/11. Thus,

or

In this expression M0 is the bending moment at x0 and M is the bend-
ing moment at x. For beams where there is no externally applied mo-
ment M0 at x0 � 0, the total moment at any section equals the area
under the shear diagram up to that section. Summing the area under
the shear diagram is usually the simplest way to construct the mo-
ment diagram.

When V passes through zero and is a continuous function of x with
dV/dx � 0, the bending moment M will be a maximum or a minimum,
since dM/dx � 0 at such a point. Critical values of M also occur when V
crosses the zero axis discontinuously, which occurs for beams under
concentrated loads.

We observe from Eqs. 5/10 and 5/11 that the degree of V in x is one
higher than that of w. Also M is of one higher degree in x than is V. Con-
sequently, M is two degrees higher in x than w. Thus for a beam loaded
by w � kx, which is of the first degree in x, the shear V is of the second
degree in x and the bending moment M is of the third degree in x.

Equations 5/10 and 5/11 may be combined to yield

(5/12)

Thus, if w is a known function of x, the moment M can be obtained by
two integrations, provided that the limits of integration are properly
evaluated each time. This method is usable only if w is a continuous
function of x.*

When bending in a beam occurs in more than a single plane, we
may perform a separate analysis in each plane and combine the results
vectorially.

d2M
dx2

 � �w

M � M0 � (area under the shear diagram from x0 to x)

�M

M0

 dM � �x

x0

 V dx

284 Chapter  5 Distr ibuted Forces

*When w is a discontinuous function of x, it is possible to introduce a special set of expres-
sions called singularity functions which permit writing analytical expressions for shear V
and moment M over an interval which includes discontinuities. These functions are not dis-
cussed in this book.
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Sample Problem 5/13

Determine the shear and moment distributions produced in the simple
beam by the 4-kN concentrated load.

Solution. From the free-body diagram of the entire beam we find the support
reactions, which are

A section of the beam of length x is next isolated with its free-body diagram
on which we show the shear V and the bending moment M in their positive direc-
tions. Equilibrium gives

These values of V and M apply to all sections of the beam to the left of the 4-kN
load.

A section of the beam to the right of the 4-kN load is next isolated with its
free-body diagram on which V and M are shown in their positive directions.
Equilibrium requires

These results apply only to sections of the beam to the right of the 4-kN load.

The values of V and M are plotted as shown. The maximum bending mo-
ment occurs where the shear changes direction. As we move in the positive 
x-direction starting with x � 0, we see that the moment M is merely the
accumulated area under the shear diagram.

 �(2.4)(10 � x) � M � 0  M � 2.4(10 � x)[ΣMR2
 � 0]

 V � 2.4 � 0    V� �2.4 kN[ΣFy � 0]

 M � 1.6x � 0  M � 1.6x[ΣMR1
 � 0]

 1.6 � V � 0    V � 1.6 kN[ΣFy � 0]

R1 � 1.6 kN   R2 � 2.4 kN

Art ic le  5/7 Beams—Internal  Ef fects 285

�

4 kN

6 m 4 m

4 kN
y

y

x

V

V

M M

10 – x

x

R1 = 1.6 kN R2 = 2.4 kN

1.6 kN

1.6

0

0

9.6

0 6

2.4 kN

V, kN

M, kN·m
–2.4

10

1060

x, m

x, m

Helpful Hint

� We must be careful not to take our
section at a concentrated load (such
as x � 6 m) since the shear and mo-
ment relations involve discontinu-
ities at such positions.
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Sample Problem 5/14

The cantilever beam is subjected to the load intensity (force per unit length)
which varies as w � w0 sin (�x/l). Determine the shear force V and bending mo-
ment M as functions of the ratio x/l.

Solution. The free-body diagram of the entire beam is drawn first so that the
shear force V0 and bending moment M0 which act at the supported end at x � 0
can be computed. By convention V0 and M0 are shown in their positive mathe-
matical senses. A summation of vertical forces for equilibrium gives

A summation of moments about the left end at x � 0 for equilibrium gives

From a free-body diagram of an arbitrary section of length x, integration of
Eq. 5/10 permits us to find the shear force internal to the beam. Thus,

or in dimensionless form

Ans.

The bending moment is obtained by integration of Eq. 5/11, which gives

or in dimensionless form

Ans.

The variations of V/w0l and M/w0l2 with x/l are shown in the bottom figures.
The negative values of M/w0l2 indicate that physically the bending moment is in
the direction opposite to that shown.

M
w0l2

 � 1� �x
l
 � 1 � 1� sin �x

l �

 M � �
w0l2

�  � 
w0l
�  �x � l

� sin �x
l

 � 0�

 M � M0 � 
w0l
�  �x � l

� sin �x
l �

x

0

�M

M0

 dM � �x

0
 
w0l
�  �1 � cos �x

l � dx[dM � V dx]

V
w0l

 � 1� �1 � cos �x
l �

V � V0 � �w0l
�  cos �x

l �
x

0

  V � 
2w0l

�  � 
w0l
�  �cos �x

l
 � 1�

�V

V0

 dV � ��x

0
 w0 sin �x

l
 dx[dV � �w dx]

  M0 � 
�w0l2

�2
 �sin �x

l
 � �x

l
 cos �x

l �
l

0

 � �
w0l2

�

 �M0 � � l

0
 x(w dx) � 0   M0 � �� l

0
 w0x sin �x

l
 dx[ΣM � 0]

V0 � � l

0
 w dx � 0   V0 � � l

0
 w0 sin �x

l
 dx � 

2w0l
�[ΣFy � 0]
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x

w
w0

l

w

R

x

y

x

x

dx

M0

V0

M0

V0

M

V

0.637

0

0

–0.318

V——
w0l  

M——–
w0 l2

0.20 0.6 0.8 1.0x/l

Helpful Hints

� In this case of symmetry it is clear
that the resultant R � V0 � 2w0l/� of
the load distribution acts at midspan,
so that the moment requirement is
simply M0 � �Rl/2 � �w0l2/�. The
minus sign tells us that physically
the bending moment at x � 0 is oppo-
site to that represented on the free-
body diagram.

� The free-body diagram serves to
remind us that the integration
limits for V as well as for x must be
accounted for. We see that the
expression for V is positive, so that
the shear force is as represented on
the free-body diagram.

�

�
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Sample Problem 5/15

Draw the shear-force and bending-moment diagrams for the loaded beam
and determine the maximum moment M and its location x from the left end.

Solution. The support reactions are most easily obtained by considering the
resultants of the distributed loads as shown on the free-body diagram of the
beam as a whole. The first interval of the beam is analyzed from the free-body di-
agram of the section for 0 � x � 2 m. A summation of vertical forces and a mo-
ment summation about the cut section yield

These values of V and M hold for 0 � x � 2 m and are plotted for that interval in
the shear and moment diagrams shown.

From the free-body diagram of the section for which 2 � x � 4 m, equilib-
rium in the vertical direction and a moment sum about the cut section give

These values of V and M are plotted on the shear and moment diagrams for the
interval 2 � x � 4 m.

The analysis of the remainder of the beam is continued from the free-body
diagram of the portion of the beam to the right of a section in the next interval.
It should be noted that V and M are represented in their positive directions. A
vertical-force summation and a moment summation about the section yield

These values of V and M are plotted on the shear and moment diagrams for the
interval 4 � x � 5m.

The last interval may be analyzed by inspection. The shear is constant at
�1.5 kN, and the moment follows a straight-line relation beginning with zero at
the right end of the beam.

The maximum moment occurs at x � 2.23 m, where the shear curve crosses
the zero axis, and the magnitude of M is obtained for this value of x by substitu-
tion into the expression for M for the second interval. The maximum moment is

Ans.

As before, note that the change in moment M up to any section equals the
area under the shear diagram up to that section. For instance, for x � 2m,

and, as above,  M � 1.233x � 0.0833x3

 M � 0 � �x

0
 (1.233 � 0.25x2) dx[�M � �  V dx]

M � 1.827 kN � m

V � �1.767 kN   and   M � 7.33 � 1.767x

M � �0.667 � 2.23x � 0.50x2

M � 1(x � 2) x � 2
2

 � 1[x � 23(2)] � 1.233x � 0[ΣM � 0]

V � 1(x � 2) � 1 � 1.233 � 0   V � 2.23 � x[ΣFy � 0]

M � (0.25x2) x
3

 � 1.233x � 0   M � 1.233x � 0.0833x3[ΣM � 0]

V � 1.233 � 0.25x2[ΣFy � 0]
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x, m

R1 = 1.233 kN R2 = 3.27 kN
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3.27 kN

0.25x2

(1)

x

1.233 kN
V

M

M

V

1.233 kN

V, kN
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1 kN

V

M

6 – x

1(x – 2)

x

x, m
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0 2
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0

1.233

1.827

0
0

1.5

–1.767
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3
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5/120 Draw the shear and moment diagrams for the
beam loaded at its center by the couple C.

Problem 5/120

5/121 Draw the shear and moment diagrams for the
beam subjected to the end couple. What is the mo-
ment M at a section 0.5 m to the right of B?

Ans. M � �120 

Problem 5/121

5/122 Draw the shear and moment diagrams for the
loaded beam. What are the values of the shear and
moment at the middle of the beam?

Problem 5/122

5/123 Draw the shear and moment diagrams for the
beam shown and find the bending moment M at
section C.

Ans. MC �

Problem 5/123

A

1 m

C B

1 m

4 kN 5 kN

1 m 1 m
3 kN

1_
3

m

�2.78 kN � m

A B 

1 m 1 m 1 m

2800 N.m
4 kN

A B

2 m 2 m

120 N·m

N � m

A

C

B

l/2 l/2
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PROBLEMS

Introductory Problems

5/117 Determine the shear-force and bending-moment
distributions produced in the beam by the concen-
trated load. What are the values of the shear and
moment at x � l/2?

Ans. V � P, M �

Problem 5/117

5/118 Determine the shear V at a section B between A
and C and the moment M at the support A.

Problem 5/118

5/119 Draw the shear and moment diagrams for the div-
ing board, which supports the 80-kg man poised to
dive. Specify the bending moment with the maxi-
mum magnitude.

Ans. MB �

Problem 5/119

BA

1.2 m

4 m

�2200 N � m

B
A C

1.4 kN 1.8 kN

1.5 m 1.6 m 1.8 m

A

P

2l––
3

l––
3

x

y

�
Pl
6
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Representative Problems

5/124 Construct the bending-moment diagram for the
cantilevered shaft AB of the rigid unit shown.

Problem 5/124

5/125 Determine the shear V and moment M at a section
of the loaded beam 200 mm to the right of A.

Ans. V � 0.15 kN, M � 0.15 

Problem 5/125

5/126 Determine the shear V and moment M in the beam
at a section 2 m to the right of end A.

Problem 5/126

A B 

4.8 kN/m

3 m 3 m

6 kN/m

300 mm 300 mm

A B

kN � m

150 mm

100 mm

75 mm

500 N

150 mm750 N

z

y

x

B
C A
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5/127 Draw the shear and moment diagrams for the can-
tilever beam with the linear loading, repeated here
from Prob. 5/97. Find the maximum magnitude of
the bending moment M.

Ans. 	M	max �

Problem 5/127

5/128 Draw the shear and moment diagrams for the
beam shown. Determine the distance b, measured
from the left end, to the point where the bending
moment is zero between the supports.

Problem 5/128

5/129 Draw the shear and moment diagrams for the
loaded beam and find the maximum magnitude M
of the bending moment.

Ans. M �

Problem 5/129

l

P/l  N/m P

ll

5
6Pl

2 m 1 m

1.5 kN/m

A

w0

l

w0l2

6
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5/133 The resistance of a beam of uniform width to bend-
ing is found to be proportional to the square of the
beam depth y. For the cantilever beam shown the
depth is h at the support. Find the required depth y
as a function of the length x in order for all sec-
tions to be equally effective in their resistance to
bending.

Ans. y �

Problem 5/133

5/134 Determine the maximum bending moment M and
the corresponding value of x in the crane beam and
indicate the section where this moment acts.

Problem 5/134

L

a a
x

l

A B

l

Ly

h

y

x

h�x/l
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5/130 Draw the shear and moment diagrams for the
loaded cantilever beam where the end couple M1 is
adjusted so as to produce zero moment at the fixed
end of the beam. Find the bending moment M at x
� 2 m.

Problem 5/130

5/131 Draw the shear and moment diagrams for the lin-
early loaded simple beam shown. Determine the
maximum magnitude of the bending moment M.

Ans. 	M	max �

Problem 5/131

5/132 The shear force in kilonewtons in a certain beam is
given by V � 33x � 7x3 where x is the distance in
meters measured along the beam. Determine the
corresponding variation with x of the normal load-
ing w in kilonewtons per meter of length. Also de-
termine the bending moment M at x � 1.5 m if the
bending moment at x � 0.5 m is 0.4 .kN � m

l/2 l/2

w0

w0l2

12

2 kN/m

M1

4 m 4 m

x
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5/135 The angle strut is welded to the end C of the I-
beam and supports the 1.6-kN vertical force. Deter-
mine the bending moment at B and the distance x
to the left of C at which the bending moment is
zero. Also construct the moment diagram for the
beam.

Ans. MB � �0.40 x � 0.2 m

Problem 5/135

5/136 Plot the shear and moment diagrams for the beam
loaded with both the distributed and point loads.
What are the values of the shear and moment at 
x � 6 m? Determine the maximum bending mo-
ment Mmax.

Problem 5/136

5/137 Repeat Prob. 5/136, where the 1500-N load has
been replaced by the couple.

Ans. V � �1400 N, M � 0, Mmax � 2800 

Problem 5/137

A B

800 N/m
4.2 kN·mx

2 m 2 m2 m3 m

N � m
4.2-kN � m

A B

800 N/m
1500 N

x

2 m 2 m2 m3 m

A

B

C

450 mm400 mm

200
mm

1.6 kN

kN � m,
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5/138 The beam is subjected to the two similar loadings
shown where the maximum intensity of loading, in
force per unit length, is w0. Derive expressions for
the shear V and moment M in the beam in terms of
the distance x measured from the center of the
beam.

Problem 5/138

5/139 The distributed load decreases linearly from 4 to 2
kN/m in a distance of 2 m along a certain beam in
equilibrium. If the shear force and bending mo-
ment at section A are �3 kN and �2 respec-
tively, calculate the shear force and bending
moment at section B.

Ans. VB � �3 kN, MB � 4/3 

Problem 5/139

5/140 Derive expressions for the shear force V and bend-
ing moment M as functions of x in the cantilever
beam loaded as shown.

Problem 5/140

4000 N/m1000 N/m

3 m

A

y

x

w = w0 + kx2

w

2 m

4 kN/m
2 kN/m

BA

kN � m

kN � m,

l/2

l/2
x

w0

w0

A B
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5/143 The beam supports a uniform unit load w. Deter-
mine the location x of the two supports so as to
minimize the maximum bending moment Mmax in
the beam. Specify Mmax.

Ans. x � 0.207L, Mmax � 0.0214wL2

Problem 5/143

5/144 The curved cantilever beam in the form of a quar-
ter-circular arc supports a load of w N/m applied
along the curve of the beam on its upper surface.
Determine the magnitudes of the torsional moment
T and bending moment M in the beam as functions
of �.

Ans. T �

M � wr2(1 � sin �)

Problem 5/144

θr

w

x

y

wr2��
2

 � � � cos ��

L

w

x x
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5/141 Derive expressions for the shear V and moment M
in terms of x for the cantilever beam of Prob. 5/108
shown again here.

Problem 5/141

5/142 A curved cantilever beam has the form of a quarter
circular arc. Determine the expressions for the shear
V and the bending moment M as functions of �.

Problem 5/142

P

LL

a
V

M

θ θ

A

w0

w

x

l/2 l/2

 M � w0�� l2

16
 � xl

3
 � x

2

2
 � x4

3l2�
 Ans. V � w0� l

3
 � x � 4x3

3l2�

�

�
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5/8 FL E X I B L E CA B L E S

One important type of structural member is the flexible cable which
is used in suspension bridges, transmission lines, messenger cables for
supporting heavy trolley or telephone lines, and many other applica-
tions. To design these structures we must know the relations involving
the tension, span, sag, and length of the cables. We determine these
quantities by examining the cable as a body in equilibrium. In the analy-
sis of flexible cables we assume that any resistance offered to bending is
negligible. This assumption means that the force in the cable is always
in the direction of the cable.

Flexible cables may support a series of distinct concentrated loads,
as shown in Fig. 5/26a, or they may support loads continuously distrib-
uted over the length of the cable, as indicated by the variable-intensity
loading w in 5/26b. In some instances the weight of the cable is negligi-
ble compared with the loads it supports. In other cases the weight of
the cable may be an appreciable load or the sole load and cannot be ne-
glected. Regardless of which of these conditions is present, the equi-
librium requirements of the cable may be formulated in the same
manner.

General Relationships

If the intensity of the variable and continuous load applied to the
cable of Fig. 5/26b is expressed as w units of force per unit of horizontal
length x, then the resultant R of the vertical loading is

R � �  dR � �  w dx

Art ic le  5/8 Flexible  Cables 293

w dx

F1 F2 F3

(a)

(b)

(c)

–x

x

x + dx
T + dT

T

x

y

x

w

R

θ + dθ θ

Figure 5/26
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where the integration is taken over the desired interval. We find the po-
sition of R from the moment principle, so that

The elemental load dR � w dx is represented by an elemental strip of
vertical length w and width dx of the shaded area of the loading dia-
gram, and R is represented by the total area. It follows from the forego-
ing expressions that R passes through the centroid of the shaded area.

The equilibrium condition of the cable is satisfied if each infinitesi-
mal element of the cable is in equilibrium. The free-body diagram of a
differential element is shown in Fig. 5/26c. At the general position x the
tension in the cable is T, and the cable makes an angle � with the hori-
zontal x-direction. At the section x � dx the tension is T � dT, and the
angle is � � d�. Note that the changes in both T and � are taken to be
positive with a positive change in x. The vertical load w dx completes the
free-body diagram. The equilibrium of vertical and horizontal forces re-
quires, respectively, that

The trigonometric expansion for the sine and cosine of the sum of two
angles and the substitutions sin d� � d� and cos d� � 1, which hold in
the limit as d� approaches zero, yield

Dropping the second-order terms and simplifying give us

which we write as

The second relation expresses the fact that the horizontal component of
T remains unchanged, which is clear from the free-body diagram. If we
introduce the symbol T0 � T cos � for this constant horizontal force, we
may then substitute T � T0/cos � into the first of the two equations just
derived and obtain d(T0 tan �) � w dx. Because tan � � dy/dx, the equi-
librium equation may be written in the form

(5/13)
d2y
dx2

 � w
T0

d(T sin �) � w dx   and   d(T cos �) � 0

 �T sin � d� � dT cos � � 0

 T cos � d� � dT sin � � w dx

 (T � dT)(cos � � sin � d�) � T cos �

 (T � dT)(sin � � cos � d�) � T sin � � w dx

 (T � dT) cos (� � d�) � T cos �

 (T � dT) sin (� � d�) � T sin � � w dx

Rx � �  x dR   x � 
�  x dR

R
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Equation 5/13 is the differential equation for the flexible cable. The
solution to the equation is that functional relation y � ƒ(x) which satis-
fies the equation and also satisfies the conditions at the fixed ends of the
cable, called boundary conditions. This relationship defines the shape of
the cable, and we will use it to solve two important and limiting cases of
cable loading.

Parabolic Cable

When the intensity of vertical loading w is constant, the condition
closely approximates that of a suspension bridge where the uniform
weight of the roadway may be expressed by the constant w. The mass of
the cable itself is not distributed uniformly with the horizontal but is
relatively small, and thus we neglect its weight. For this limiting case
we will prove that the cable hangs in a parabolic arc.

We start with a cable suspended from two points A and B which are
not on the same horizontal line, Fig. 5/27a. We place the coordinate ori-
gin at the lowest point of the cable, where the tension is horizontal and
is T0. Integration of Eq. 5/13 once with respect to x gives

where C is a constant of integration. For the coordinate axes chosen,
dy/dx � 0 when x � 0, so that C � 0. Thus,

which defines the slope of the curve as a function of x. One further inte-
gration yields

(5/14)

Alternatively, you should be able to obtain the identical results with
the indefinite integral together with the evaluation of the constant of in-

�y

0
 dy � �x

0
 wx
T0

 dx   or   y � wx2

2T0

dy
dx

 � wx
T0

dy
dx

 � wx
T0

 � C
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A
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hA
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w = Load per unit of horizontal length
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R = wx

(b)

yhB

lB

x
s

x/2T0

y

θ
x

T

x

Figure 5/27
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tegration. Equation 5/14 gives the shape of the cable, which we see is a
vertical parabola. The constant horizontal component of cable tension
becomes the cable tension at the origin.

Inserting the corresponding values x � lA and y � hA in Eq. 5/14
gives

The tension T is found from a free-body diagram of a finite portion of
the cable, shown in Fig. 5/27b. From the Pythagorean theorem

Elimination of T0 gives

(5/15)

The maximum tension occurs where x � lA and is

(5/15a)

We obtain the length sA of the cable from the origin to point A by in-
tegrating the expression for a differential length ds �

Thus,

Although we can integrate this expression in closed form, for computa-
tional purposes it is more convenient to express the radical as a conver-
gent series and then integrate it term by term. For this purpose we use
the binomial expansion

which converges for x2 � 1. Replacing x in the series by (wx/T0)2 and set-
ting n � give the expression

(5/16)

This series is convergent for values of hA/lA � which holds for most
practical cases.

The relationships which apply to the cable section from the origin to
point B can be easily obtained by replacing hA, lA, and sA by hB, lB, and
sB, respectively.

1
2,

 � lA�1 � 2
3

 �hA

lA
�2

 � 2
5

 �hA

lA
�4

 � � � ��

 sA � � lA

0
 �1 � w

2x2

2T0 

2
 � w

4x4

8T0 

4
 � � � �� dx

1
2

(1 � x)n � 1 � nx � 
n(n � 1)

2!
 x2 � 

n(n � 1)(n � 2)
3!

 x3 � � � �

� sA

0
 ds � � lA

0
 �1 � (dy/dx)2 dx � � lA

0
 �1 � (wx/T0)2 dx

�(dx)2 � (dy)2.

Tmax � wlA�1 � (lA/2hA)2

T � w�x2 � (lA 

2/2hA)2

T � �T0 

2 � w2x2

T0 � 
wlA 

2

2hA
  so that   y � hA(x/lA)2

296 Chapter  5 Distr ibuted Forces

c05.qxd  10/29/07  1:18 PM  Page 296



For a suspension bridge where the supporting towers are on the
same horizontal line, Fig. 5/28, the total span is L � 2lA, the sag is h �

hA, and the total length of the cable is S � 2sA. With these substitutions,
the maximum tension and the total length become

(5/15b)

(5/16a)

This series converges for all values of h/L � In most cases h is much
smaller than L/4, so that the three terms of Eq. 5/16a give a sufficiently
accurate approximation.

Catenary Cable

Consider now a uniform cable, Fig. 5/29a, suspended from two
points A and B and hanging under the action of its own weight only. We
will show in this limiting case that the cable assumes a curved shape
known as a catenary.

The free-body diagram of a finite portion of the cable of length s
measured from the origin is shown in part b of the figure. This free-body
diagram differs from the one in Fig. 5/27b in that the total vertical force
supported is equal to the weight of the cable section of length s rather

1
4.

 S � L �1 � 8
3

 �h
L�

2
 � 32

5
 �h

L�
4
 � � � ��

 Tmax � wL
2

 �1 � (L/4h)2
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than the load distributed uniformly with respect to the horizontal. If the
cable has a weight � per unit of its length, the resultant R of the load is
R � �s, and the incremental vertical load w dx of Fig. 5/26c is replaced
by � ds. With this replacement the differential relation, Eq. 5/13, for the
cable becomes

(5/17)

Because s � ƒ(x, y), we must change this equation to one containing
only the two variables.

We may substitute the identity (ds)2 � (dx)2 � (dy)2 to obtain

(5/18)

Equation 5/18 is the differential equation of the curve (catenary) formed
by the cable. This equation is easier to solve if we substitute p � dy/dx
to obtain

Integrating this equation gives us

The constant C is zero because dy/dx � p � 0 when x � 0. Substituting
p � dy/dx, changing to exponential form, and clearing the equation of
the radical give

where the hyperbolic function* is introduced for convenience. The slope
may be integrated to obtain

The integration constant K is evaluated from the boundary condition
x � 0 when y � 0. This substitution requires that K � �T0/�, and
hence,

(5/19)y � 
T0
�  �cosh 

�x
T0

 � 1�

y � 
T0
�  cosh 

�x
T0

 � K

dy
dx

 � e
�x/T0 � e��x/T0

2
 � sinh 

�x
T0

ln (p � �1 � p2) � 
�

T0
 x � C

dp

�1 � p2
 � 

�

T0
 dx

d2y
dx2

 � 
�

T0
 �1 � �dy

dx�
2

d2y
dx2

 � 
�

T0
 ds
dx
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*See Arts. C/8 and C/10, Appendix C, for the definition and integral of hyperbolic functions.
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Equation 5/19 is the equation of the curve (catenary) formed by the
cable hanging under the action of its weight only.

From the free-body diagram in Fig. 5/29b we see that dy/dx �

tan � � �s/T0. Thus, from the previous expression for the slope,

(5/20)

We obtain the tension T in the cable from the equilibrium triangle of
the forces in Fig. 5/29b. Thus,

which, when combined with Eq. 5/20, becomes

T2

or

(5/21)

We may also express the tension in terms of y with the aid of Eq. 5/19,
which, when substituted into Eq. 5/21, gives

(5/22)

Equation 5/22 shows that the change in cable tension from that at the
lowest position depends only on �y.

Most problems dealing with the catenary involve solutions of Eqs.
5/19 through 5/22, which can be handled by a graphical approximation
or solved by computer. The procedure for a graphical or computer solu-
tion is illustrated in Sample Problem 5/17 following this article.

The solution of catenary problems where the sag-to-span ratio is
small may be approximated by the relations developed for the parabolic
cable. A small sag-to-span ratio means a tight cable, and the uniform
distribution of weight along the cable is not very different from the
same load intensity distributed uniformly along the horizontal.

Many problems dealing with both the catenary and parabolic cables
involve suspension points which are not on the same level. In such cases
we may apply the relations just developed to the part of the cable on
each side of the lowest point.

T � T0 � �y

T � T0 cosh 
�x
T0

 � T0 

2�1 � sinh2 
�x
T0
� � T0 

2 cosh2 
�x
T0

T 

2 � �2s2 � T0 

2

s � 
T0
�  sinh 

�x
T0
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Sample Problem 5/16

The light cable supports a mass of 12 kg per meter of horizontal length and
is suspended between the two points on the same level 300 m apart. If the sag is
60 m, find the tension at midlength, the maximum tension, and the total length
of the cable.

Solution. With a uniform horizontal distribution of load, the solution of part
(b) of Art. 5/8 applies, and we have a parabolic shape for the cable. For h � 60 m,
L � 300 m, and w � 12(9.81)(10�3) kN/m the relation following Eq. 5/14 with 
lA � L/2 gives for the midlength tension

Ans.

The maximum tension occurs at the supports and is given by Eq. 5/15b. Thus,

Ans.

The sag-to-span ratio is 60/300 � 1/5 � 1/4. Therefore, the series expression
developed in Eq. 5/16a is convergent, and we may write for the total length

Ans. � 329 m

 � 300[1 � 0.1067 � 0.01024 � … ]

 S � 300 �1 � 8
3

 �1
5�

2
 � 32

5
 �1

5�
4
 � … �

 Tmax � 
12(9.81)(10�3)(300)

2
 �1 � � 300

4(60)�
2
 � 28.3 kN

 �Tmax � wL
2

 �1 � � L
4h�

2�

T0 � 
0.1177(300)2

8(60)
 � 22.1 kN�T0 � wL2

8h �
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60 m

300 m

12 kg/m

75 m 75 m
xT0

R = 12(150)(9.81)(10–3)
    = 17.66 kN

Tmaxy

60 m

� Helpful Hint

� Suggestion: Check the value of Tmax

directly from the free-body diagram
of the right-hand half of the cable,
from which a force polygon may be
drawn.
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60 m

300 m

x

y

0.33

Solution
T0 = 23.2 kN

T0, kN

0.32

0.31

0.30

0.29

0.28

7.06
——–

T0

22.5 23.0 23.5 24.0

cosh – 1
17.66
——–

T0
( (

((

�

Sample Problem 5/17

Replace the cable of Sample Problem 5/16, which is loaded uniformly along
the horizontal, by a cable which has a mass of 12 kg per meter of its own length
and supports its own weight only. The cable is suspended between two points on
the same level 300 m apart and has a sag of 60 m. Find the tension at midlength,
the maximum tension, and the total length of the cable.

Solution. With a load distributed uniformly along the length of the cable, the
solution of part (c) of Art. 5/8 applies, and we have a catenary shape of the cable.
Equations 5/20 and 5/21 for the cable length and tension both involve the min-
imum tension T0 at midlength, which must be found from Eq. 5/19. Thus, for 
x � 150 m, y � 60 m, and � � 12(9.81)(10�3) � 0.1177 kN/m, we have

or

This equation can be solved graphically. We compute the expression on each
side of the equals sign and plot it as a function of T0. The intersection of the two
curves establishes the equality and determines the correct value of T0. This plot
is shown in the figure accompanying this problem and yields the solution

Alternatively, we may write the equation as

and set up a computer program to calculate the value(s) of T0 which renders 
ƒ(T0) � 0. See Art. C/11 of Appendix C for an explanation of one applicable nu-
merical method.

The maximum tension occurs for maximum y and from Eq. 5/22 is

Ans.

From Eq. 5/20 the total length of the cable becomes

Ans.

Helpful Hint

� Note that the solution of Sample Problem 5/16 for the parabolic cable gives a
very close approximation to the values for the catenary even though we have
a fairly large sag. The approximation is even better for smaller sag-to-span
ratios.

2s � 2 23.2
0.1177

 sinh 
(0.1177)(150)

23.2
 � 330 m

Tmax � 23.2 � (0.1177)(60) � 30.2 kN

ƒ(T0) � cosh 17.66
T0

 � 7.06
T0

 � 1 � 0

T0 � 23.2 kN

 7.06
T0

 � cosh 17.66
T0

 � 1

 60 � 
T0

0.1177
 �cosh 

(0.1177)(150)
T0

 � 1�
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5/148 A cable supports a load of 40 kg/m uniformly dis-
tributed along the horizontal and is suspended
from two fixed points A and B located as shown.
Calculate the cable tensions at A and B and the
minimum tension T0.

Problem 5/148

*5/149 A light fixture is suspended from the ceiling of an
outside portico. Four chains, two of which are
shown, prevent excessive motion of the fixture
during windy conditions. If the chains weigh 200
newtons per meter of length, determine the chain
tension at C and the length L of chain BC.

Ans. TC � 945 N, L � 6.90 m

Problem 5/149

B CA

1.5 m

6 m

100 m

40 kg/m

10 m

10 m

A

B
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PROBLEMS
(The problems marked with an asterisk (*) involve tran-
scendental equations which may be solved with a computer
or by graphical methods.)

Introductory Problems

5/145 A coil of surveyor’s tape 30 m in length has a mass of
0.283 kg. When the tape is stretched between two
points on the same level by a tension of 42 N at each
end, calculate the sag h of the tape in the middle.

Ans. h � 248 mm

5/146 The Golden Gate Bridge in San Francisco has a
main span of 1280 m, a sag of 143 m, and a total
static loading of 310.8 kN per lineal meter of hori-
zontal measurement. The weight of both of the
main cables is included in this figure and is as-
sumed to be uniformly distributed along the hori-
zontal. The angle made by the cable with the
horizontal at the top of the tower is the same on
each side of each tower. Calculate the midspan ten-
sion T0 in each of the main cables and the compres-
sive force C exerted by each cable on the top of each
tower.

Problem 5/146

5/147 Calculate the tension T0 in the cable at A necessary
to support the load distributed uniformly with re-
spect to the horizontal. Also find the angle � made
by the cable with the horizontal at the attachment
point B.

Ans. T0 � 18.03 kN, � � 48.8�

Problem 5/147

30 kg/m

A
T0

70 m

40 m

B

1280 m

143 m
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5/150 An advertising balloon is moored to a post with a
cable which has a mass of 0.12 kg/m. In a wind the
cable tensions at A and B are 110 N and 230 N, re-
spectively. Determine the height h of the balloon.

Problem 5/150

5/151 A horizontal 350-mm-diameter water pipe is sup-
ported over a ravine by the cable shown. The pipe
and the water within it have a combined mass of
1400 kg per meter of its length. Calculate the com-
pression C exerted by the cable on each support.
The angles made by the cable with the horizontal
are the same on both sides of each support.

Ans. C � 549 kN

Problem 5/151

5/152 Strain-gage measurements made on the cables of
the suspension bridge at position A indicate an in-
crease of 2.14 MN of tension in each of the two
main cables because the bridge has been repaved.
Determine the total mass m� of added paving mate-
rial used per foot of roadway.

Problem 5/152

1000 m

240 m200 m

A

2.5 m

40 m

A

B

h
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Representative Problems

*5/153 The glider A is being towed in level flight and is
120 m behind and 30 m below the tow plane B.
The tangent to the cable at the glider is horizon-
tal. The cable has a mass of 0.750 kg per meter of
length. Calculate the horizontal tension T0 in the
cable at the glider. Neglect air resistance and
compare your result with that obtained by ap-
proximating the cable shape by a parabola.

Ans. T0 � 1801 N, (T0)par � 1766 N

Problem 5/153

*5/154 Find the total length L of chain which will have a
sag of 2 m when suspended from two points on
the same horizontal line 10 m apart.

Problem 5/154

5/155 A cable weighing 40 newtons per meter of length is
suspended from point A and passes over the small
pulley at B. Determine the mass m of the attached
cylinder which will produce a sag of 10 m. With the
small sag-to-span ratio, approximation as a para-
bolic cable may be used.

Ans. m � 480 kg

Problem 5/155

*5/156 Repeat Prob. 5/155, but do not use the approxima-
tion of a parabolic cable. Compare your results
with the printed answer for Prob. 5/155.

B

m

10 m

120 m

15 m
A

10 m

2 m

30 m

A

120 m

B
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*5/159 Determine the length L of chain required from B
to A and the corresponding tension at A if the
slope of the chain is to be horizontal as it enters
the guide at A. The weight of the chain is 140 N
per meter of its length.

Ans. L � 8.71 m, TA � 1559 N

Problem 5/159

*5/160 Numerous small flotation devices are attached to
the cable, and the difference between buoyancy
and weight results in a net upward force of 30
newtons per meter of cable length. Determine the
force T which must be applied to cause the cable
configuration shown.

Problem 5/160

*5/161 A rope 40 m in length is suspended between two
points which are separated by a horizontal dis-
tance of 10 m. Compute the distance h to the low-
est part of the loop.

Ans. h � 18.53 m

Problem 5/161

h

10 m

25 m

8 m

B

A

T

3 m

8 m

B

A
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5/157 A floating dredge is anchored in position with a sin-
gle stern cable which has a horizontal direction at
the attachment A and extends a horizontal dis-
tance of 250 m to an anchorage B on shore. A ten-
sion of 300 kN is required in the cable at A. If the
cable has a mass of 22 kg per meter of its length,
compute the required height H of the anchorage
above water level and find the length s of cable be-
tween A and B.

Ans. H � 24.5 m, s � 251 m

Problem 5/157

*5/158 A series of spherical floats are equally spaced and
securely fastened to a flexible cable of length 20 m.
Ends A and B are anchored 16 m apart to the bot-
tom of a fresh-water lake at a depth of 8 m. The
floats and cable have a combined weight of 100 N
per meter of cable length, and the buoyancy of the
water produces an upward force of 560 N per
meter of cable length. Calculate the depth h below
the surface to the top of the line of floats. Also find
the angle � made by the line of floats with the hor-
izontal at A.

Problem 5/158

h

A B

8 m

16 m

θ

A

B

250 m

2 m H
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5/162 The blimp is moored to the ground winch in a gen-
tle wind with 100 m of 12-mm cable which has a
mass of 0.51 kg/m. A torque of 400 on the
drum is required to start winding in the cable. At
this condition the cable makes an angle of 30� with
the vertical as it approaches the winch. Calculate
the height H of the blimp. The diameter of the
drum is 0.5 m.

Problem 5/162

*5/163 A cable installation crew wishes to establish the
dependence of the tension T on the cable sag h.
Plot both the minimum tension T0 and the ten-
sion T at the supports A and B as functions of h
for 1 � h � 10 m. The cable mass per unit length
is 3 kg/m. State the values of T0 and T for h � 2
m.

Ans. T0 � 6630 N, T � 6690 N

Problem 5/163

60 m

h

T T

BA

30°

H

N � m
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*5/164 The cable of Prob. 5/163 is now placed on supports
A and B whose elevation differs by 9 m as shown.
Plot the minimum tension T0, the tension TA at
support A, and the tension TB at support B as
functions of h for 1 � h � 10 m, where h is the sag
below point A. State all three tensions for h � 2 m
and compare with the results of Prob. 5/163. The
cable mass per unit length is 3 kg/m.

Problem 5/164

*5/165 In preparing to spray-clean a wall, a person
arranges a hose as shown in the figure. The hose
is horizontal at A and has a mass of 0.75 kg/m
when empty and 1.25 kg/m when full of water. De-
termine the necessary tension T and angle � for
both the empty and full hose.

Ans. T � 63.0 N (empty), T � 105.0 N (full)
� � 40.0� in both cases

Problem 5/165

T

B

A

5 m

2 m

θ

60 m

9 mh

TA

TB
B

A
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*5/169 The moving cable for a ski lift has a mass of 10
kg/m and carries equally spaced chairs and pas-
sengers, whose added mass is 20 kg/m when aver-
aged over the length of the cable. The cable leads
horizontally from the supporting guide wheel at A.
Calculate the tensions in the cable at A and B and
the length s of the cable between A and B.

Ans. TA � 27.4 kN, TB � 33.3 kN, s � 64.2 m

Problem 5/169

*5/170 A cable ship tows a plow A during a survey of the
ocean floor for later burial of a telephone cable. The
ship maintains a constant low speed with the plow
at a depth of 180 m and with a sufficient length of
cable so that it leads horizontally from the plow,
which is 480 m astern of the ship. The tow cable
has an effective weight of 45.2 N/m when the buoy-
ancy of the water is accounted for. Also, the forces
on the cable due to movement through the water
are neglected at the low speed. Compute the hori-
zontal force T0 applied to the plow and the maxi-
mum tension in the cable. Also find the length of
the tow cable from point A to point B.

Problem 5/170

B

A

180 m

480 m

A

B

20 m

60 m
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*5/166 A length of cable which has a mass of 1.2 kg/m is
to have a sag of 2.4 m when suspended from the
two points A and B on the same horizontal line 10
m apart. For comparison purposes, determine the
length L of cable required and plot its configura-
tion for the two cases of (a) assuming a parabolic
shape and (b) using the proper catenary model. In
order to more clearly distinguish between the two
cases, also plot the difference (yC � yP) as a func-
tion of x, where C and P refer to catenary and
parabola, respectively.

Problem 5/166

*5/167 A power line is suspended from two towers 200 m
apart on the same horizontal line. The cable has a
mass of 18.2 kg per meter of length and has a sag
of 32 m at midspan. If the cable can support a
maximum tension of 60 kN, determine the mass �
of ice per meter which can form on the cable with-
out exceeding the maximum cable tension.

Ans. � � 13.44 kg of ice per meter

*5/168 A cable which has a mass of 0.5 kg per meter of
length is attached to point A. A tension TB is ap-
plied to point B, causing the angle �A to be 15°. De-
termine TB and �B.

Problem 5/168

12 m

9 m

B

TB

B

= 15°A
A

10 m

x

2.4 m

y AB
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*5/171 For aesthetic reasons, chains are sometimes used
instead of downspouts on small buildings in order
to direct roof runoff water from the gutter down to
ground level. The architect of the illustrated build-
ing specified a 6-m vertical chain from A to B, but
the builder decided to use a 6.1-m chain from A to C
as shown in order to place the water farther from
the structure. By what percentage n did the builder
increase the magnitude of the force exerted on the
gutter at A over that figured by the architect? The
chain weighs 100 N per meter of its length.

Ans. n � 29.0%

Problem 5/171

6 m

1 m

C

A

B
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*5/172 A 50-kg traffic signal is suspended by two 21-m ca-
bles which have a mass of 1.2 kg per meter of
length. Determine the vertical deflection � of the
junction ring A relative to its position before the
signal is added.

Problem 5/172

C B

A

20 m 20 m

50 kg
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5/9 FL U I D ST A T I C S

So far in this chapter we have treated the action of forces on and be-
tween solid bodies. In this article we consider the equilibrium of bodies
subjected to forces due to fluid pressures. A fluid is any continuous sub-
stance which, when at rest, is unable to support shear force. A shear
force is one tangent to the surface on which it acts and is developed
when differential velocities exist between adjacent layers of fluids. Thus,
a fluid at rest can exert only normal forces on a bounding surface. Fluids
may be either gaseous or liquid. The statics of fluids is generally called
hydrostatics when the fluid is a liquid and aerostatics when the fluid is 
a gas.

Fluid Pressure

The pressure at any given point in a fluid is the same in all direc-
tions (Pascal’s law). We may prove this by considering the equilibrium
of an infinitesimal triangular prism of fluid as shown in Fig. 5/30. The
fluid pressures normal to the faces of the element are p1, p2, p3, and p4 as
shown. With force equal to pressure times area, the equilibrium of
forces in the x- and y-directions gives

Since ds sin � � dy and ds cos � � dx, these questions require that

By rotating the element through 90�, we see that p4 is also equal to the
other pressures. Thus, the pressure at any point in a fluid at rest is 
the same in all directions. In this analysis we need not account for the
weight of the fluid element because, when the weight per unit volume
(density � times g) is multiplied by the volume of the element, a differ-
ential quantity of third order results which disappears in the limit com-
pared with the second-order pressure-force terms.

In all fluids at rest the pressure is a function of the vertical dimen-
sion. To determine this function, we consider the forces acting on a dif-
ferential element of a vertical column of fluid of cross-sectional area dA,
as shown in Fig. 5/31. The positive direction of vertical measurement h
is taken downward. The pressure on the upper face is p, and that on the
lower face is p plus the change in p, or p � dp. The weight of the ele-
ment equals �g multiplied by its volume. The normal forces on the lat-
eral surface, which are horizontal and do not affect the balance of forces
in the vertical direction, are not shown. Equilibrium of the fluid element
in the h-direction requires

(5/23)

This differential relation shows us that the pressure in a fluid increases
with depth or decreases with increased elevation. Equation 5/23 holds

dp � �g dh

p dA � �g dA dh � (p � dp) dA � 0

p1 � p2 � p3 � p

p1 dy dz � p3 ds dz sin �   p2 dx dz � p3 ds dz cos �
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for both liquids and gases, and agrees with our common observations of
air and water pressures.

Fluids which are essentially incompressible are called liquids, and
for most practical purposes we may consider their density � constant for
every part of the liquid.* With � a constant, integration of Eq. 5/23 gives

(5/24)

The pressure p0 is the pressure on the surface of the liquid where h � 0.
If p0 is due to atmospheric pressure and the measuring instrument
records only the increment above atmospheric pressure,† the measure-
ment gives what is called gage pressure. It is computed from p � �gh.

The common unit for pressure in SI units is the kilopascal (kPa),
which is the same as a kilonewton per square meter (103 N/m2). In com-
puting pressure, if we use Mg/m3 for �, m/s2 for g, and m for h, then the
product �gh gives us pressure in kPa directly. For example, the pressure
at a depth of 10 m in fresh water is

In the U.S. customary system, fluid pressure is generally expressed
in pounds per square inch (lb/in.2) or occasionally in pounds per square
foot (lb/ft2). Thus, at a depth of 10 ft in fresh water the pressure is

Hydrostatic Pressure on Submerged Rectangular Surfaces

A body submerged in a liquid, such as a gate valve in a dam or the
wall of a tank, is subjected to fluid pressure acting normal to its surface
and distributed over its area. In problems where fluid forces are appre-
ciable, we must determine the resultant force due to the distribution of
pressure on the surface and the position at which this resultant acts.
For systems open to the atmosphere, the atmospheric pressure p0 acts
over all surfaces and thus yields a zero resultant. In such cases, then, we
need to consider only the gage pressure p � �gh, which is the increment
above atmospheric pressure.

Consider the special but common case of the action of hydrostatic
pressure on the surface of a rectangular plate submerged in a liquid.
Figure 5/32a shows such a plate 1-2-3-4 with its top edge horizontal and
with the plane of the plate making an arbitrary angle � with the vertical
plane. The horizontal surface of the liquid is represented by the x-y�
plane. The fluid pressure (gage) acting normal to the plate at point 2 is

p � �gh � �62.4 lb
ft3�� 1

1728
 ft3

in.3�(120 in.) � 4.33 lb/in.2

 � 98.1 kN/m2 � 98.1 kPa

 p � �gh � �1.0 
Mg
m3��9.81 m

s2�(10 m) � 98.1�103 
kg � m

s2
 1
m2�

p � p0 � �gh
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*See Table D/1, Appendix D, for table of densities.
†Atmospheric pressure at sea level may be taken to be 101.3 kPa or 14.7 lb/in.2
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represented by the arrow 6-2 and equals �g times the vertical distance
from the liquid surface to point 2. This same pressure acts at all points
along the edge 2-3. At point 1 on the lower edge, the fluid pressure
equals �g times the depth of point 1, and this pressure is the same at all
points along edge 1-4. The variation of pressure p over the area of the
plate is governed by the linear depth relationship and therefore it is rep-
resented by the arrow p, shown in Fig. 5/32b, which varies linearly from
the value 6-2 to the value 5-1. The resultant force produced by this pres-
sure distribution is represented by R, which acts at some point P called
the center of pressure.

The conditions which prevail at the vertical section 1-2-6-5 in Fig.
5/32a are identical to those at section 4-3-7-8 and at every other vertical
section normal to the plate. Thus, we may analyze the problem from the
two-dimensional view of a vertical section as shown in Fig. 5/32b for sec-
tion 1-2-6-5. For this section the pressure distribution is trapezoidal. If b
is the horizontal width of the plate measured normal to the plane of the
figure (dimension 2-3 in Fig. 5/32a), an element of plate area over which
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the pressure p � �gh acts is dA � b dy, and an increment of the result-
ant force is dR � p dA � bp dy. But p dy is merely the shaded increment
of trapezoidal area dA�, so that dR � b dA�. We may therefore express
the resultant force acting on the entire plate as the trapezoidal area
1-2-6-5 times the width b of the plate,

Be careful not to confuse the physical area A of the plate with the geo-
metrical area A� defined by the trapezoidal distribution of pressure.

The trapezoidal area representing the pressure distribution is easily
expressed by using its average altitude. The resultant force R may
therefore be written in terms of the average pressure pav �

times the plate area A. The average pressure is also the pressure which
exists at the average depth, measured to the centroid O of the plate. An
alternative expression for R is therefore

where � cos �.
We obtain the line of action of the resultant force R from the princi-

ple of moments. Using the x-axis (point B in Fig. 5/32b) as the moment
axis yields � � y(pb dy). Substituting p dy � dA� and R � bA� and
canceling b give

which is simply the expression for the centroidal coordinate of the trape-
zoidal area A�. In the two-dimensional view, therefore, the resultant R
passes through the centroid C of the trapezoidal area defined by the
pressure distribution in the vertical section. Clearly also locates the
centroid C of the truncated prism 1-2-3-4-5-6-7-8 in Fig. 5/32a through
which the resultant passes.

For a trapezoidal distribution of pressure, we may simplify the cal-
culation by dividing the trapezoid into a rectangle and a triangle, Fig.
5/32c, and separately considering the force represented by each part.
The force represented by the rectangular portion acts at the center O of
the plate and is R2 � p2A, where A is the area 1-2-3-4 of the plate. The
force R1 represented by the triangular increment of pressure distribu-
tion is and acts through the centroid of the triangular 
portion shown.

Hydrostatic Pressure on Cylindrical Surfaces

The determination of the resultant R due to distributed pressure on
a submerged curved surface involves more calculation than for a flat
surface. For example, consider the submerged cylindrical surface shown
in Fig. 5/33a where the elements of the curved surface are parallel to the
horizontal surface x-y� of the liquid. Vertical sections perpendicular to
the surface all disclose the same curve AB and the same pressure distri-

1
2(p1 � p2)A

Y

Y � 
�  y dA�

�  dA�

RY

yh

R � pavA � �ghA

1
2(p1 � p2)

R � b �  dA� � bA�
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bution. Thus, the two-dimensional representation in Fig. 5/33b may be
used. To find R by a direct integration, we need to integrate the x- and
y-components of dR along the curve AB, since dR continuously changes
direction. Thus,

A moment equation would now be required if we wished to establish the
position of R.

A second method for finding R is usually much simpler. Consider
the equilibrium of the block of liquid ABC directly above the surface,
shown in Fig. 5/33c. The resultant R then appears as the equal and
opposite reaction of the surface on the block of liquid. The resultants
of the pressures along AC and CB are Py and Px, respectively, and are
easily obtained. The weight W of the liquid block is calculated from
the area ABC of its section multiplied by the constant dimension b
and by �g. The weight W passes through the centroid of area ABC.
The equilibrant R is then determined completely from the equilib-
rium equations which we apply to the free-body diagram of the fluid
block.

Hydrostatic Pressure on Flat Surfaces of Any Shape

Figure 5/34a shows a flat plate of any shape submerged in a liq-
uid. The horizontal surface of the liquid is the plane x-y�, and the
plane of the plate makes an angle � with the vertical. The force acting
on a differential strip of area dA parallel to the surface of the liquid 
is dR � p dA � �gh dA. The pressure p has the same magnitude
throughout the length of the strip, because there is no change of

Rx � b �  (p dL)x � b �  p dy   and   Ry � b �  (p dL)y � b �  p dx
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depth along the strip. We obtain the total force acting on the exposed
area A by integration, which gives

Substituting the centroidal relation � gives us

(5/25)

The quantity is the pressure which exists at the depth of the cen-
troid O of the area and is the average pressure over the area.

We may also represent the resultant R geometrically by the volume
V� of the figure shown in Fig. 5/34b. Here the fluid pressure p is repre-
sented as a dimension normal to the plate regarded as a base. We see
that the resulting volume is a truncated right cylinder. The force dR
acting on the differential area dA � x dy is represented by the elemental
volume p dA shown by the shaded slice, and the total force is repre-
sented by the total volume of the cylinder. We see from Eq. 5/25 that the
average altitude of the truncated cylinder is the average pressure 
which exists at a depth corresponding to the centroid O of the area ex-
posed to pressure.

For problems where the centroid O or the volume V� is not readily
apparent, a direct integration may be performed to obtain R. Thus,

where the depth h and the length x of the horizontal strip of differential
area must be expressed in terms of y to carry out the integration.

After the resultant is obtained, we must determine its location.
Using the principle of moments with the x-axis of Fig. 5/34b as the mo-
ment axis, we obtain

(5/26)

This second relation satisfies the definition of the coordinate to the
centroid of the volume V� of the pressure-area truncated cylinder. We
conclude, therefore, that the resultant R passes through the centroid C
of the volume described by the plate area as base and the linearly vary-
ing pressure as the perpendicular coordinate. The point P at which R is
applied to the plate is the center of pressure. Note that the center of
pressure P and the centroid O of the plate area are not the same.

Buoyancy

Archimedes is credited with discovering the principle of buoyancy.
This principle is easily explained for any fluid, gaseous or liquid, in equi-
librium. Consider a portion of the fluid defined by an imaginary closed

Y

RY � �  y dR   or   Y � 
�  y(px dy)

�  px dy

R � �  dR � �  p dA � �  �ghx dy

�gh

�gh

R � �ghA

� h dAhA

R � �  dR � �  p dA � �g �  h dA
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surface, as illustrated by the irregular dashed boundary in Fig. 5/35a. If
the body of the fluid could be sucked out from within the closed cavity
and replaced simultaneously by the forces which it exerted on the
boundary of the cavity, Fig. 5/35b, the equilibrium of the surrounding
fluid would not be disturbed. Furthermore, a free-body diagram of the
fluid portion before removal, Fig. 5/35c, shows that the resultant of the
pressure forces distributed over its surface must be equal and opposite
to its weight mg and must pass through the center of mass of the fluid
element. If we replace the fluid element by a body of the same dimen-
sions, the surface forces acting on the body held in this position will be
identical to those acting on the fluid element. Thus, the resultant force
exerted on the surface of an object immersed in a fluid is equal and op-
posite to the weight of fluid displaced and passes through the center of
mass of the displaced fluid. This resultant force is called the force of
buoyancy

(5/27)

where � is the density of the fluid, g is the acceleration due to gravity,
and V is the volume of the fluid displaced. In the case of a liquid whose
density is constant, the center of mass of the displaced liquid coincides
with the centroid of the displaced volume.

Thus when the density of an object is less than the density of the
fluid in which it is fully immersed, there is an imbalance of force in the
vertical direction, and the object rises. When the immersing fluid is a
liquid, the object continues to rise until it comes to the surface of the liq-
uid and then comes to rest in an equilibrium position, assuming that the
density of the new fluid above the surface is less than the density of the
object. In the case of the surface boundary between a liquid and a gas,
such as water and air, the effect of the gas pressure on that portion of
the floating object above the liquid is balanced by the added pressure in
the liquid due to the action of the gas on its surface.

An important problem involving buoyancy is the determination of
the stability of a floating object, such as a ship hull shown in cross sec-
tion in an upright position in Fig. 5/36a. Point B is the centroid of the
displaced volume and is called the center of buoyancy. The resultant of
the forces exerted on the hull by the water pressure is the buoyancy
force F which passes through B and is equal and opposite to the weight
W of the ship. If the ship is caused to list through an angle �, Fig. 5/36b,

F � �gV
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The design of ship hulls must take
into account fluid dynamics as well
as fluid statics.
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the shape of the displaced volume changes, and the center of buoyancy
shifts to B�.

The point of intersection of the vertical line through B� with the
centerline of the ship is called the metacenter M, and the distance h of M
from the center of mass G is called the metacentric height. For most hull
shapes h remains practically constant for angles of list up to about 20�.
When M is above G, as in Fig. 5/36b, there is a righting moment which
tends to bring the ship back to its upright position. If M is below G, as
for the hull of Fig. 5/36c, the moment accompanying the list is in the di-
rection to increase the list. This is clearly a condition of instability and
must be avoided in the design of any ship.
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Submersible vessels must be designed with extremely
large external pressures in mind.
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Sample Problem 5/18

A rectangular plate, shown in vertical section AB, is 4 m high and 6 m wide
(normal to the plane of the paper) and blocks the end of a fresh-water channel 3 m
deep. The plate is hinged about a horizontal axis along its upper edge through A
and is restrained from opening by the fixed ridge B which bears horizontally against
the lower edge of the plate. Find the force B exerted on the plate by the ridge.

Solution. The free-body diagram of the plate is shown in section and includes
the vertical and horizontal components of the force at A, the unspecified weight
W � mg of the plate, the unknown horizontal force B, and the resultant R of the
triangular distribution of pressure against the vertical face.

The density of fresh water is � � 1.000 Mg/m3 so that the average pressure is

The resultant R of the pressure forces against the plate becomes

This force acts through the centroid of the triangular distribution of pressure,
which is 1 m above the bottom of the plate. A zero moment summation about A
establishes the unknown force B. Thus,

Ans.3(265) � 4B � 0   B � 198.7 kN[ΣMA � 0]

R � (14.72)(3)(6) � 265 kN[R � pavA]

pav � 1.000(9.81)(32) � 14.72 kPa[pav � �gh]

Sample Problem 5/19

The air space in the closed fresh-water tank is maintained at a pressure of
5.5 kPa (above atmospheric). Determine the resultant force R exerted by the air
and water on the end of the tank.

Solution. The pressure distribution on the end surface is shown, where p0 �

5.5 kPa. The specific weight of fresh water is � � �g � 1000(9.81) � 9.81 kN/m3

so that the increment of pressure �p due to the water is

The resultant forces R1 and R2 due to the rectangular and triangular distribu-
tions of pressure, respectively, are

Ans.

We locate R by applying the moment principle about A noting that R1 acts
through the center of the 760-mm depth and that R2 acts through the centroid of
the triangular pressure distribution 400 mm below the surface of the water and 
400 � 160 � 560 mm below A. Thus,

Ans.2.97h � 2.09(380) � 0.833(560)   h � 433 mm[Rh � ΣMA]

The resultant is then R � R1 � R2 � 2.09 � 0.883 � 2.97 kN.

 R2 � �pavA2 � 5.89
2

 (0.6)(0.5) � 0.883 kN

 R1 � p0A1 � 5.5(0.760)(0.5) � 2.09 kN

�p � � �h � 9.81(0.6) � 5.89 kPa

1 m

B

A

3 m

Ay

y

2 m

R

mg 4 m

Ax
x

B
1 m

Side view

Air

Water

B

A 500 mm

600
mm

End view

160 mm160 mm160 mm

Bp0

p0

R1

R2

R

∆p

A

380
mm h 560

mm

Helpful Hint

� Dividing the pressure distribution
into these two parts is decidedly the
simplest way in which to make the
calculation.

�

�

Helpful Hint

� Note that the units of pressure �gh are

 � kN/m2 � kPa.

 �103 kg
m3��m

s2�(m) � �103 
kg � m

s2 �� 1
m2�
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Sample Problem 5/20

Determine completely the resultant force R exerted on the cylindrical dam
surface by the water. The density of fresh water is 1.000 Mg/m3, and the dam has
a length b, normal to the paper, of 30 m.

Solution. The circular block of water BDO is isolated and its free-body dia-
gram is drawn. The force Px is

The weight W of the water passes through the mass center G of the quarter-
circular section and is

Equilibrium of the section of water requires

The resultant force R exerted by the fluid on the dam is equal and opposite
to that shown acting on the fluid and is

Ans.

The x-coordinate of the point A through which R passes may be found from the
principle of moments. Using B as a moment center gives

Ans.

Alternative Solution. The force acting on the dam surface may be obtained
by a direct integration of the components

where p � �gh � �gr sin � and dA � b(r d�). Thus,

Thus, R � � Substituting the numerical values gives

Ans.

Since dR always passes through point O, we see that R also passes through
O and, therefore, the moments of Rx and Ry about O must cancel. So we write
Rxy1 � Ryx1, which gives us

By similar triangles we see that

Ans.x/r � x1/y1 � 2/�   and   x � 2r/� � 2(4)/� � 2.55 m

x1/y1 � Rx/Ry � (12�gr2b)/(14��gr2b) � 2/�

R � 12(1.000)(9.81)(42)(30)�1 � �2/4 � 4380 kN

1
2�gr2b�1 � �2/4.�Rx 

2 � Ry 

2

 Ry � ��/2

0
 �gr2b sin2 � d� � �gr2b��

2
 � sin 2�

4 �
�/2

0

 � 14��gr2b

 Rx � ��/2

0
 �gr2b sin � cos � d� � ��gr2b�cos 2�

4 �
�/2

0

 � 12�gr2b

dRx � p dA cos �   and   dRy � p dA sin �

Px 
r
3

 � mg 4r
3�

 � Ryx � 0, x � 
2350�4

3� � 3700�16
3��

3700
 � 2.55 m

R � �(2350)2 � (3700)2 � 4380 kN[R � �Rx 

2 � Ry 

2]

 Ry � mg � 3700 kN[ΣFy � 0]

 Rx � Px � 2350 kN[ΣFx � 0]

mg � �gV � (1.000)(9.81) 
�(4)2

4
 (30) � 3700 kN

Px � �ghA � 
�gr
2

 br � 
(1.000)(9.81)(4)

2
 (30)(4) � 2350 kN

r = 4 m

B

O D

x

y

x

D

G

C

A

R

B

Px

O
mg

x

D

r p

θ
r sin θ

A

R

B

x1

y1

O

�

�

Helpful Hints

� See note � in Sample Problem 5/18
if there is any question about the
units for 

� This approach by integration is feasi-
ble here mainly because of the simple
geometry of the circular arc.

�gh.
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Sample Problem 5/21

Determine the resultant force R exerted on the semicircular end of the
water tank shown in the figure if the tank is filled to capacity. Express the result
in terms of the radius r and the water density �.

Solution I. We will obtain R first by a direct integration. With a horizontal
strip of area dA � 2x dy acted on by the pressure p � �gy, the increment of the
resultant force is dR � p dA so that

Integrating gives Ans.

The location of R is determined by using the principle of moments. Taking
moments about the x-axis gives

Integrating gives Ans.

Solution II. We may use Eq. 5/25 directly to find R, where the average pres-
sure is and is the coordinate to the centroid of the area over which the
pressure acts. For a semicircular area � 4r/(3�).

Ans.

which is the volume of the pressure-area figure.
The resultant R acts through the centroid C of the volume defined by the

pressure-area figure. Calculation of the centroidal distance involves the same
integral obtained in Solution I.

Y

R � �g 4r
3�

 �r2

2
 � 23�gr3[R � �ghA]

h
h�gh

2
3�gr3Y � 

�gr4

4
 �
2

  and   Y � 3�r
16

2
3�gr3Y � 2�g � r

0
 y2�r2 � y2 dy[RY � �  y dR]

R � 23�gr3

 R � �  p dA � �  �gy(2x dy) � 2�g � r

0
 y�r2 � y2 dy
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Sample Problem 5/22

A buoy in the form of a uniform 8-m pole 0.2 m in diameter has a mass of
200 kg and is secured at its lower end to the bottom of a fresh-water lake with
5 m of cable. If the depth of the water is 10 m, calculate the angle � made by
the pole with the horizontal.

Solution. The free-body diagram of the buoy shows its weight acting through
G, the vertical tension T in the anchor cable, and the buoyancy force B which
passes through centroid C of the submerged portion of the buoy. Let x be the dis-
tance from G to the waterline. The density of fresh water is � � 103 kg/m3, so
that the buoyancy force is

Moment equilibrium, ΣMA � 0, about A gives

Thus, Ans.x � 3.14 m   and   � � sin�1� 5
4 � 3.14� � 44.5�

200(9.81)(4 cos �) � [103(9.81)�(0.1)2(4 � x)] 4 � x
2

 cos � � 0

B � 103(9.81)�(0.1)2(4 � x) N[B � �gV]

r

y

x
y

dy

x

r

p

C
R

Y
––

�

Helpful Hint

� Be very careful not to make the mis-
take of assuming that R passes
through the centroid of the area
over which the pressure acts.

θ

10 m

5 m

x

4 m

A
B

T

4 m

C

G

5 m
200(9.81) N

θ
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PROBLEMS

Introductory Problems

5/173 Determine the maximum height h to which a vac-
uum pump can cause the fresh water to rise. As-
sume standard atmospheric pressure of 1.0133(105)
Pa. Repeat your calculations for mercury.

Ans. h � 10.33 m (water)
h � 0.761 m (mercury)

Problem 5/173

5/174 A beaker of fresh water is in place on the scale
when the 1-kg stainless-steel weight is added to the
beaker. What is the normal force which the weight
exerts on the bottom of the beaker? By how much
does the scale reading increase as the weight is
added? Explain your answer.

Problem 5/174

1 kg

to vacuum
pump

h
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5/175 Specify the magnitude and location of the resultant
force which acts on each side and the bottom of the
aquarium due to the fresh water inside it.

Ans. Bottom force � 824 N
Side forces � 235 N, 549 N

All four side forces at depth

Problem 5/175

5/176 A rectangular block of density �1 floats in a liquid
of density �2. Determine the ratio r � h/c, where h
is the submerged depth of block. Evaluate r for an
oak block floating in fresh water and for steel float-
ing in mercury.

Problem 5/176

a
b

ρ1

ρ2

ch

0.7 m0.3 m

0.4 m

2
3
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5/179 A deep-submersible diving chamber designed in the
form of a spherical shell 1500 mm in diameter is
ballasted with lead so that its weight slightly ex-
ceeds its buoyancy. Atmospheric pressure is main-
tained within the sphere during an ocean dive to a
depth of 3 km. The thickness of the shell is 25 mm.
For this depth calculate the compressive stress �

which acts on a diametral section of the shell, as in-
dicated in the right-hand view.

Ans. � � 463 MPa

Problem 5/179

5/180 Fresh water in a channel is contained by the uni-
form 2.5-m plate freely hinged at A. If the gate is
designed to open when the depth of the water
reaches 0.8 m as shown in the figure, what must be
the weight w (in newtons per meter of horizontal
length into the paper) of the gate?

Problem 5/180

2 m

A

B

0.5 m

30°

0.8 m

σ
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5/177 Calculate the depth h of mud for which the 3-m
concrete retaining wall is on the verge of tipping
about its forward edge A. The density of mud may
be taken to be 1760 kg/m3 and that of concrete to
be 2400 kg/m3.

Ans. h � 1.99 m

Problem 5/177

5/178 The two hemispherical shells are perfectly sealed
together over their mating surfaces, and the air in-
side is partially evacuated to a pressure of 14 kPa.
Atmospheric pressure is 101.3 kPa. Determine the
force F required to separate the shells.

Problem 5/178

F F

200 mm
170 mm

h Mud

3 m 

0.8 m 
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5/181 When the seawater level inside the hemispherical
chamber reaches the 0.6-m level shown in the fig-
ure, the plunger is lifted, allowing a surge of sea
water to enter the vertical pipe. For this fluid level
(a) determine the average pressure � supported by
the seal area of the valve before force is applied to
lift the plunger and (b) determine the force P (in
addition to the force needed to support its weight)
required to lift the plunger. Assume atmospheric
pressure in all airspaces and in the seal area when
contact ceases under the action of P.

Ans. � � 10.74 kPa, P � 1.687 kN

Problem 5/181

Seawater
supply Air vent

P

0.8 m

75 mm

0.4 m

0.6 m

0.6 m
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Representative Problems

5/182 The figure shows the end view of a long homoge-
neous solid cylinder which floats in a liquid and has
a removed segment. Show that � � 0 and � � 180�

are the two values of the angle between its center-
line and the vertical for which the cylinder floats in
stable positions.

Problem 5/182

5/183 One of the critical problems in the design of deep-
submergence vehicles is to provide viewing ports
which will withstand tremendous hydrostatic pres-
sures without fracture or leakage. The figure shows
the cross section of an experimental acrylic window
with spherical surfaces under test in a high-pres-
sure liquid chamber. If the pressure p is raised to a
level that simulates the effect of a dive to a depth of
1 km in sea water, calculate the average pressure �
supported by the gasket A.

Ans. � � 26.4 MPa

Problem 5/183

A

p
275 mm

350 mm300 mm

θ
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5/186 A fresh-water channel 3 m wide (normal to the
plane of the paper) is blocked at its end by a rectan-
gular barrier, shown in section ABD. Supporting
struts BC are spaced every 0.6 m along the 3-m
width. Determine the compression C in each strut.
Neglect the weights of the members.

Problem 5/186

5/187 A vertical section of an oil sump is shown. The ac-
cess plate covers a rectangular opening which has a
dimension of 400 mm normal to the plane of the
paper. Calculate the total force R exerted by the oil
on the plate and the location x of R. The oil has a
density of 900 kg/m3.

Ans. R � 1377 N, x � 323 mm

Problem 5/187

x

R

600 mm

500 mm

30°
Oil

0.6 m

0.6 m

0.6 m

A

B

C

D

60° 60°

322 Chapter  5 Distr ibuted Forces

5/184 The solid concrete cylinder 2.4 m long and 1.6 m in
diameter is supported in a half-submerged position
in fresh water by a cable which passes over a fixed
pulley at A. Compute the tension T in the cable.
The cylinder is waterproofed by a plastic coating.
(Consult Table D/1, Appendix D, as needed.)

Problem 5/184

5/185 A marker buoy consisting of a cylinder and cone
has the dimensions shown and has a mass of 
285 kg. Determine the protrusion h when the buoy
is floating in salt water. The buoy is weighted so
that a low center of mass ensures stability.

Ans. h � 1.121 m

Problem 5/185

h

0.6 m

1.8 m

0.9 m

A

T

2.4 m

0.8 m
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5/188 A homogeneous solid sphere of radius r is resting
on the bottom of a tank containing a liquid of den-
sity �l, which is greater than the density �s of the
sphere. As the tank is filled, a depth h is reached at
which the sphere begins to float. Determine the ex-
pression for the density �s of the sphere.

Problem 5/188

5/189 The rectangular gate shown in section is 3 m long
(perpendicular to the paper) and is hinged about its
upper edge B. The gate divides a channel leading to
a fresh-water lake on the left and a salt-water tidal
basin on the right. Calculate the torque M on the
shaft of the gate at B required to prevent the gate
from opening when the salt-water level drops to 
h � 1 m.

Ans. M � 195.2 kN � m

Problem 5/189

4 m

1 m B M

A

h

Salt
water

Fresh
water

h
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5/190 The hydraulic cylinder operates the toggle which
closes the vertical gate against the pressure of fresh
water on the opposite side. The gate is rectangular
with a horizontal width of 2 m perpendicular to the
paper. For a depth h � 3 m of water, calculate the
required oil pressure p which acts on the 150-mm-
diameter piston of the hydraulic cylinder.

Problem 5/190

5/191 The design of a floating oil-drilling platform con-
sists of two rectangular pontoons and six cylindri-
cal columns which support the working platform.
When ballasted, the entire structure has a displace-
ment of 26,000 metric tons (1 metric ton equals
1000 kg). Calculate the total draft h of the struc-
ture when it is moored in the ocean. The density of
salt water is 1030 kg/m3. Neglect the vertical com-
ponents of the mooring forces.

Ans. h � 24.1 m

Problem 5/191

105 m
7.5 m

9 m 
diameter

12
m

12
m

h

Side View End View

A

1 m 1 m

2 m

2 m

1.5 m

h
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5/194 The cast-iron plug seals the drainpipe of an open
fresh-water tank which is filled to a depth of 7.2 m.
Determine the tension T required to remove the
plug from its tapered hole. Atmospheric pressure
exists in the drainpipe and in the seal area as the
plug is being removed. Neglect mechanical friction
between the plug and its supporting surface.

Problem 5/194

5/195 The Quonset hut is subjected to a horizontal wind,
and the pressure p against the circular roof is ap-
proximated by p0 cos �. The pressure is positive on
the windward side of the hut and is negative on the
leeward side. Determine the total horizontal shear
Q on the foundation per unit length of roof mea-
sured normal to the paper.

Ans. Q �

Problem 5/195

θ

r

θp = p0 cos

1
2�rp0

T

180
mm

120 mm
90 mm

120 mm

7.2 m
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5/192 Determine the total force R exerted on the triangu-
lar window by the fresh water in the tank. The
water level is even with the top of the window. Also
determine the distance H from R to the water level.

Problem 5/192

5/193 The barge crane of rectangular proportions has a 
6-m by 15-m cross section over its entire length of
40 m. If the maximum permissible submergence
and list in sea water are represented by the posi-
tion shown, determine the corresponding maxi-
mum safe mass m0 which the barge can handle at
the 10-m extended position of the boom. Also find
the total displacement m in metric tons of the un-
loaded barge. The distribution of machinery and
ballast places the center of gravity G of the barge,
minus the mass m0, at the center of the hull.

Ans. m0 � 203 Mg, m � 1651 Mg

Problem 5/193

10 m

20 m

6 m

15 m

G

m0

1 m

1 m
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5/196 The upstream side of an arched dam has the form
of a vertical cylindrical surface of 240-m radius and
subtends an angle of 60�. If the fresh water is 90 m
deep, determine the total force R exerted by the
water on the dam face.

Problem 5/196

5/197 The fresh-water side of a concrete dam has the
shape of a vertical parabola with vertex at A. Deter-
mine the position b of the base point B through
which acts the resultant force of the water against
the dam face C.

Ans. b � 28.1 m

Problem 5/197

36 m

27 m

A

C

B

b

6 m

240 m
30°

30°

90 m
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5/198 The small access hole A allows maintenance work-
ers to enter the storage tank at ground level when
it is empty. Two designs, (a) and (b), are shown for
the hole cover. If the tank is full of fresh water, es-
timate the average pressure � in the seal area of
design (a) and the average increase �T in the ini-
tial tension in each of the 16 bolts of design (b). You
may take the pressure over the hole area to be con-
stant, and the pressure in the seal area of design
(b) may be assumed to be atmospheric.

Problem 5/198

5/199 The 3-m plank shown in section has a density of
800 kg/m3 and is hinged about a horizontal axis
through its upper edge O. Calculate the angle � as-
sumed by the plank with the horizontal for the
level of fresh water shown.

Ans. � � 48.2�

Problem 5/199

3 m
1 m

O

θ

0.375
m

0.5
m

12 m
0.55 m

0.75 m

(b)A

(a)
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5/202 The trapezoidal viewing window in a sea-life aquar-
ium has the dimensions shown. With the aid of ap-
propriate diagrams and coordinates, describe two
methods by which the resultant force R on the
glass due to water pressure, and the vertical loca-
tion of R, could be found if numerical values were
supplied.

Problem 5/202

5/203 The sphere is used as a valve to close the hole in
the fresh-water tank. As the depth h decreases, the
tension T required to open the valve decreases be-
cause the downward force on the sphere decreases
with less pressure. Determine the depth h for
which T equals the weight of the sphere.

Ans. h � 0.233 m

Problem 5/203

200 mm

h

T

250 mm

b
c

Ramp

h1h2

Water level
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5/200 The deep-submersible research vessel has a passen-
ger compartment in the form of a spherical steel
shell with a mean radius of 1.000 m and a thickness
of 35 mm. Calculate the mass of lead ballast which
the vessel must carry so that the combined weight
of the steel shell and lead ballast exactly cancels
the combined buoyancy of these two parts alone.
(Consult Table D/1, Appendix D, as needed.)

Problem 5/200

5/201 The elements of a new method for constructing con-
crete foundation walls for new houses are shown in
the figure. Once the footing F is in place, poly-
styrene forms A are erected and a thin concrete
mixture B is poured between the forms. Ties T pre-
vent the forms from separating. After the concrete
cures, the forms are left in place for insulation. As a
design exercise, make a conservative estimate for
the uniform tie spacing d if the tension in each tie is
not to exceed 6.5 kN. The horizontal tie spacing is
the same as the vertical spacing. State any assump-
tions. The density of wet concrete is 2400 kg/m3.

Ans. d � 0.300 m

Problem 5/201

d

d

d/2 A A
T

B

F

3 m

1 m 35 mm

�
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5/204 The accurate determination of the vertical position
of the center of mass G of a ship is difficult to
achieve by calculation. It is more easily obtained by
a simple inclining experiment on the loaded ship.
With reference to the figure, a known external
mass m0 is placed a distance d from the centerline,
and the angle of list � is measured by means of the
deflection of a plumb bob. The displacement of the
ship and the location of the metacenter M are
known. Calculate the metacentric height for a
12 000-t ship inclined by a 27-t mass placed 7.8 m
from the centerline if a 6-m plumb line is deflected
a distance a � 0.2 m. The mass m0 is at a distance b
� 1.8 m above M. [Note that the metric ton (t)
equals 1000 kg and is the same as the megagram
(Mg).]

Ans. � 0.530 mGM

GM
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Problem 5/204

b

a

θ

d

m0

M

G

�
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5/10 CH A P T E R RE V I E W

In Chapter 5 we have studied various common examples of forces
distributed throughout volumes, over areas, and along lines. In all these
problems we often need to determine the resultant of the distributed
forces and the location of the resultant.

Finding Resultants of Distributed Forces

To find the resultant and line of action of a distributed force:

1. Begin by multiplying the intensity of the force by the appropriate
element of volume, area, or length in terms of which the intensity is
expressed. Then sum (integrate) the incremental forces over the re-
gion involved to obtain their resultant.

2. To locate the line of action of the resultant, use the principle of mo-
ments. Evaluate the sum of the moments, about a convenient axis,
of all of the increments of force. Equate this sum to the moment of
the resultant about the same axis. Then solve for the unknown mo-
ment arm of the resultant.

Gravitational Forces

When force is distributed throughout a mass, as in the case of gravi-
tational attraction, the intensity is the force of attraction �g per unit of
volume, where � is the density and g is the gravitational acceleration.
For bodies whose density is constant, we saw in Section A that �g can-
cels when the moment principle is applied. This leaves us with a strictly
geometric problem of finding the centroid of the figure, which coincides
with the mass center of the physical body whose boundary defines the
figure.

1. For flat plates and shells which are homogeneous and have constant
thickness, the problem becomes one of finding the properties of an
area.

2. For slender rods and wires of uniform density and constant cross
section, the problem becomes one of finding the properties of a line
segment.

Integration of Differential Relationships

For problems which require the integration of differential relation-
ships, keep in mind the following considerations.

1. Select a coordinate system which provides the simplest description
of the boundaries of the region of integration.

2. Eliminate higher-order differential quantities whenever lower-
order differential quantities will remain.

3. Choose a first-order differential element in preference to a second-
order element and a second-order element in preference to a third-
order element.

328 Chapter  5 Distr ibuted Forces
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4. Whenever possible, choose a differential element which avoids dis-
continuities within the region of integration.

Distributed Forces in Beams, Cables, and Fluids

In Section B we used these guidelines along with the principles of
equilibrium to solve for the effects of distributed forces in beams, cables,
and fluids. Remember that:

1. For beams and cables the force intensity is expressed as force per
unit length.

2. For fluids the force intensity is expressed as force per unit area, or
pressure.

Although beams, cables, and fluids are physically quite different applica-
tions, their problem formulations share the common elements cited
above.
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5/207 The cross section shown is for a complete cast-iron
body of revolution about the z-axis. Compute its
mass m.

Ans. m � 11.55 kg

Problem 5/207

5/208 The assembly consists of four rods cut from the
same bar stock. The curved member is a circular
arc of radius b. Determine the y- and z-coordinates
of the mass center of the assembly.

Problem 5/208

z

30°
30°

x

y

b

b

b

100 mm

40 mm

100 mm

160 mm

z
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REVIEW PROBLEMS

5/205 Determine the x- and y-coordinates of the centroid
of the shaded area.

Ans. ,

Problem 5/205

5/206 Determine the x- and y-coordinates of the centroid
of the shaded area.

Problem 5/206

120
mm

270
mm

y

x
30

mm

30
mm

y

x

1

0
10.50

y = kx 1/3

y � 13
30x � 37

84
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5/209 Determine the area A of the curved surface ABCD
of the solid of revolution shown.

Ans. A �

Problem 5/209

5/210 The uniform bar of mass m is bent into the quar-
ter-circular arc in the vertical plane and is hinged
freely at A. The bar is held in position by the hori-
zontal wire from O to B. Determine the magnitude
R of the force on the pin at A.

Problem 5/210

O

A

B

r

a

a

y

x

z

A

B
C

D

�a2

2
 (� � 1)
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5/211 The tapered body has a horizontal cross section
which is circular. Determine the height of its
mass center above the base of the homogeneous
body.

Ans.

Problem 5/211

5/212 Shown in the figure is a body similar to that of
Prob. 5/211, only now the body is a thin shell with
open top and bottom. Determine the height of its
mass center above the base of the homogeneous
body and compare your result with the printed an-
swer for Prob. 5/211.

Problem 5/212

2R2R2

R

H h

h

2R

R

H h

h � 11
28 H

h
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5/216 Sketch the shear and moment diagrams for each of
the four beams loaded and supported as shown.

Problem 5/216

5/217 The triangular sign is attached to the post embed-
ded in the concrete base at B. Calculate the shear
force V, the bending moment M, and the torsional
moment T in the post at B during a storm where
the wind velocity normal to the sign reaches 100
km/h. The air pressure (called stagnation pressure)
against the vertical surface corresponding to this
velocity is 1.4 kPa.
Ans. V � 2.8 kN, M � 6.53 T � 1.867 

Problem 5/217

2 m

1 m

2 m

B
x y

z

kN � mkN � m,

P

(a) (c)

(b) (d)

P

P

M

M

M

P
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5/213 The homogeneous body shown is constructed by be-
ginning with the solid body of Prob. 5/211 and then
removing a cylindrical volume of diameter just less
than R as shown, leaving a thin wall at the left por-
tion of the body as well as at the very top. Deter-
mine the height of the mass center above the
base of the body.

Ans.

Problem 5/213

5/214 Draw the shear and moment diagrams for the
beam, which supports the uniform load of 500 N
per meter of beam length distributed over its mid-
section. Determine the maximum bending moment
and its location.

Problem 5/214

5/215 Determine the maximum bending moment Mmax

for the loaded beam and specify the distance x to
the right of end A where Mmax exists.

Ans. Mmax � 186.4 at x � 0.879 m

Problem 5/215

2 m 1 m

600 N/m

A
B

N � m

4 m 4 m 4 m

500 N/m

2R2R2

R

H h

h � 5
16 H

h
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5/218 The circular disk rotates about an axis through its
center O and has three holes of diameter d posi-
tioned as shown. A fourth hole is to be drilled in
the disk at the same radius r so that the disk will
be in balance (mass center at O). Determine the re-
quired diameter D of the new hole and its angular
position.

Problem 5/218

5/219 Determine the depth h of the square hole in the
solid circular cylinder for which the z-coordinate of
the mass center will have the maximum possible
value.

Ans. h � 204 mm

Problem 5/219

120
mm
240 mm

120
mm

h

y

x

z

400 mm

D

O
d

d

d

r 30°
θ
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5/220 A flat plate seals a triangular opening in the verti-
cal wall of a tank of liquid of density �. The plate is
hinged about the upper edge O of the triangle. De-
termine the force P required to hold the gate in a
closed position against the pressure of the liquid.

Problem 5/220

5/221 A prismatic structure of height h and base b is sub-
jected to a horizontal wind load whose pressure p
increases from zero at the base to p0 at the top ac-
cording to p � Determine the resisting mo-
ment M at the base of the structure.

Ans. M �

Problem 5/221

h

y

y

b

p0

p

p = k y

4
35 p0bh2

k�y.

O
b

h

a

P
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5/224 Locate the center of mass of the thin spherical shell
which is formed by cutting out one-eighth of a com-
plete shell.

Ans.

Problem 5/224

5/225 Locate the center of mass of the homogeneous bell-
shaped shell of uniform but negligible thickness.

Ans.

Problem 5/225

a

z

x

a

z � a
� � 2

z

y

x
r

x � y � z � r
2
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5/222 As part of a preliminary design study, the effects of
wind loads on a 300-m building are investigated.
For the parabolic distribution of wind pressure
shown in the figure, compute the force and moment
reactions at the base A of the building due to the
wind load. The depth of the building (perpendicular
to the paper) is 60 m.

Problem 5/222

5/223 Regard the tall building of Prob. 5/222 as a uniform
upright beam. Determine and plot the shear force
and bending moment in the structure as functions
of the height x above the ground. Evaluate your ex-
pressions at x � 150 m.

Ans. V � 7.2(106) � 1386 x3/2 N

M � 1296 � 7.2x � 5.54(10�4) x5/2 MN � m

V	x�150 m � 4.65 MN

M	x�150 m � 369 MN � m

300 m

x

p

A

600 Pa

p = k x

�

�

�
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Computer-Oriented Problems*

*5/226 Construct the shear and moment diagrams for the
loaded beam of Prob. 5/113, repeated here. Deter-
mine the maximum values of the shear and mo-
ment and their locations on the beam.

Problem 5/226

*5/227 Construct the shear and moment diagrams for the
loaded beam shown. Determine the maximum
bending moment and its location.

Ans. Mmax � 6.23 at x � 2.13 m

Problem 5/227

4 m

4.8 kN/m

2.4 kN/m

A B
x

w = w0 + kx2y

w

kN � m

A B

w = w0 – kx3

w

x
1200 N/m

6 m

2400 N/m
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*5/228 Find the angle � which will place the mass center
of the thin ring a distance r/10 from the center of
the arc.

Problem 5/228

*5/229 A homogeneous charge of solid propellant for a
rocket is in the shape of the circular cylinder
formed with a concentric hole of depth x. For the
dimensions shown, plot the x-coordinate of the
mass center of the propellant, as a function of the
depth x of the hole from x � 0 to x � 600 mm. De-
termine the maximum value of and show that it
is equal to the corresponding value of x.

Ans. � 322 mm

Problem 5/229

600 mm

90 mm

180 mmx

Xmax

X

X,

θ

r
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Problem 5/232

*5/233 A right-circular cylinder of density �1 floats in a
liquid of density �2. If d is the diameter of the
cylinder and h is the submerged depth, plot the

ratio r � as a function of over the range 0 �

� 1. Evaluate r for a pine cylinder floating in

sea water.

Ans. r � 0.473

Problem 5/233

d

h

ρ1

ρ2

�1
�2

�1
�2

h
d

B
A

x
–x

50 m
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*5/230 A cable with a mass of 15 kg/m is attached to point
A and passes over the small pulley at B on the
same horizontal line with A. Determine the sag h
and length S of the cable between A and B if a
tension of 12 kN is applied to the cable over the
pulley.

Problem 5/230

*5/231 An underwater detection instrument A is attached
to the midpoint of a 100-m cable suspended be-
tween two ships 50 m apart. Determine the depth
h of the instrument, which has negligible mass.
Does the result depend on the mass of the cable or
on the density of the water?

Ans. h � 39.8 m

Problem 5/231

*5/232 The center of buoyancy B of a ship’s hull is the
centroid of its submerged volume. The under-
water cross-sectional areas A of the transverse
sections of the tugboat hull shown are tabulated
for every five meters of waterline length. With an
appropriate computer program, determine to the
nearest 0.5 m the distance of B aft of point A.

x, m A, m2 x, m A, m2

0 0 30 23.8
5 7.1 35 19.5

10 15.8 40 12.5
15 22.1 45 5.1
20 24.7 50 0
25 25.1

x

A

h

50 m

100 m
T = 12 kN

h

A
B
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*5/234 A length of power cable is suspended from the two
towers as shown. The cable has a mass of 20 kg per
meter of cable. If the maximum allowable cable
tension is 75 kN, determine the mass � of ice per
meter which can form on the cable without the
maximum allowable tension being exceeded. If ad-
ditional stretch in the cable is neglected, does the
addition of the ice change the cable configuration?
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Problem 5/234

10 m

200 mA

B
30 m
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